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Abstract
We give a characterization, in terms of homological data in covering spaces, of those maps between
(3-dimensional) graph manifolds which are homotopic to homeomorphisms. As an application
we give a condition on a cobordism between graph manifolds that guarantees that they are
homeomorphic. This in turn is applied to give a partial result on the µ-constant problem in (complex)
dimension three. Ó 1999 Published by Elsevier Science B.V. All rights reserved.
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Introduction
In this paper, all Seifert 3-manifolds will be orientable with orientable base.
The main results of this paper are:
Proposition 0.1. Let M3, N3 be two compact, connected, closed, irreducible, graph ma-
nifolds with infinite fundamental group. Let f :M3→N3 be a homology equivalence (with
coefficients Z), such that for any finite covering of N (regular or not) the induced map
f˜ : M˜→ N˜ is still a Z-homology equivalence. Then f is homotopic to a homeomorphism.
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Proposition 0.2. Let M3, N3 be two compact, connected, closed, irreducible graph ma-
nifolds with infinite fundamental group and suppose there exists a cobordism W4 between
M and N such that:
(i) pi1(N3)→ pi1(W) is surjective;
(ii) W is obtained from N by adding handles of index 6 2;
(iii) the inclusionsM→W and N→W are Z-homology-equivalences.
Then M and N are homeomorphic.
Proposition 0.2 follows from Proposition 0.1 by observing that if N,M,W satisfy the
hypothesis of Proposition 0.2, then there exists a retraction ϕ :W → N such that the
restriction ϕ|M :M→N satisfies the hypothesis of Proposition 0.1.
The proof of these results depends crucially on the following two propositions which
will be proved in Section 7.
Proposition 0.3. Let N be a graph manifold as above. Then there exists a finite index
subgroup Σ of pi1(N) which is weakly residually p-nilpotent, for every prime p. This
means that for any g 6= 1 in Σ , there exists a subgroupK ⊂Σ of finite index satisfying:
(i) g /∈K;
(ii) there exists a sequence of subgroups K =Kn ⊂Kn−1 ⊂ · · · ⊂K1 ⊂K0 =Σ such
that Ki+1 is normal in Ki and Ki/Ki+1 is cyclic of order p for any i.
Proposition 0.4. Let N be a graph manifold. Then there exists a finite covering N˜ of N
such that each Seifert piece B˜ of N˜ has the following property: let g and h be elements of
pi1(B˜)⊂ pi1(N˜) such that g /∈ 〈h〉 (where 〈h〉 denotes the subgroup generated by h). Then
there exist a finite group and a homomorphism ϕ :pi1(N˜)→H such that ϕ(g) /∈ 〈ϕ(h)〉.
The motivation. Apart from their intrinsic interest, the problems solved in Proposi-
tions 0.1 and 0.2 have their origins in the µ-constant problem in (complex) dimension
three, which we shall review here.
Denote by B(ε) (respectively S(ε)) the ball (respectively sphere), centered at O ∈ Cn,
with radius ε > 0.
Let f : (U,0)⊂ Cn→ (C,0) be a holomorphic function defined on a neighborhood U
of 0, with an isolated singularity at 0. By [17], we know that, up to diffeomorphism, the
pair (S(ε), f−1(0)∩ S(ε)) is independent of ε > 0, for ε sufficiently small. The (2n− 3)-
dimensional manifoldK = f−1(0)∩ S(ε) is called the boundary of the singularity f at 0.
Again by [17], the map f/|f | :S(ε)−K → S1 is a C∞ fibration, C∞-equivalent to the
fibration f :f−1(∂D(η)) ∩ B(ε)→ ∂D(η), where D(η) is the disc of C, centered at 0,
with radius η. The fiber of this fibration is called the Milnor fiber of f at 0. The Milnor
number of f at 0 is defined by
µ(f )= dimR Hn−1(F ;R)= dimC C{z1, . . . , zn}/(∂f/∂z)
where C{z1, . . . , zn} is the ring of germs of holomorphic functions defined around 0 ∈ Cn
and (∂f/∂z) the ideal generated by the partial derivatives ∂f/∂z1, . . . , ∂f/∂zn.
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Two germs f and g defined on (U,0)⊂ (Cn,0) have the same topological type if for
sufficiently small ε > 0, the pairs (B(ε),B(ε) ∩ f−1(0)) and (B(ε),B(ε) ∩ g−1(0)) are
homeomorphic.
Theorem (Lê Dung Trang–Ramanujan [14]). Let ft : (U,0) ⊂ (Cn,0)→ (C,0) be a
one-parameter family of holomorphic functions with isolated singularity at 0, for each
t ∈ V (0)⊂R, C∞ in the t variable, with the same Milnor number at 0 (such a family will
be called a µ-constant family). Then, if n 6= 3, f0 and ft have the same topological type
for each t belonging to a neighborhoodW(0)⊂ V (0)⊂R.
Here is an overview of the proof. Let B(ε0) (respectively B(εt )) be a Milnor ball of f0
(respectively ft ) and K0 (respectively Kt ) the boundary of f0 (respectively ft ). We may
take εt < ε0 for t small. For t small enough, the pair (∂B(ε0),K0) is diffeomorphic to the
pair (∂B(ε0), f−1t (0)∩ ∂B(ε0)). Then
W = f−1t (0)∩B(ε0)−B(εt )
is a cobordism betweenKt andK0 ' f−1t (0)∩∂B(ε0). The µ-constant hypothesis implies
that the inclusions
i0 :K0 ↪→W and it :Kt→W
induce isomorphisms at the homological level (with Z coefficients). For n > 3, by [17],
the cobordism (W,K0,Kt ) is simply connected. The h-cobordism theorem [18] completes
the proof of the theorem above. The case n= 2 is easier.
For n = 3, it can be proved that the Lê–Ramanujan theorem is true if K0 and Kt are
homeomorphic. This is a well-known consequence of an argument due to Levine [13]. So
it is sufficient to prove that (W,Kt ,K0) satisfies the hypothesis of Proposition 0.2. All,
except perhaps one, are fulfilled:
(a) It is well known [19] that the boundary of an isolated singularity is an irreducible
graph manifold whose Seifert pieces are orientable, with orientable bases [19].
(b) (W,K0,Kt ) is a Z-homology cobordism by the µ-constant hypothesis.
(c) By [1], W is obtained from Kt by adding handles of index 6 2.
(In case pi1(K0) or pi1(Kt ) is finite, by using [2], one can prove directly that K0 and Kt
are diffeomorphic.)
So we have proved:
Proposition 0.5. The Lê–Ramanujan theorem is true in the case n= 3 if pi1(Kt)→ pi1(W)
is surjective.
Ideas of proofs. Proposition 0.2 will follow from Proposition 0.1 via the following lemma
which will be proved in Section 1:
Lemma 0.6. Let M and N be two graph manifolds satisfying hypotheses of Proposi-
tion 0.2. Then there exists a map f :M→N satisfying hypothesis of Proposition 0.1.
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In order to prove Proposition 0.1, we assume that N (and hence M) has large first Betti
number. This is possible by [15], after passing to a finite cover, except in one exceptional
case which will be treated independently.
Let {Ai, i ∈ I } be the minimal decomposition of M into Seifert pieces and {Tj }
the corresponding family of canonical tori (Ai are the components of M minus tubular
neighborhoods of {Tj }).
The first step is to show that the family {Tj } does not degenerate under f , i.e., that
f∗ :pi1(Tj )→ pi1(N) is injective. For this purpose, suppose Tj does degenerate; then it
separates M into two components A and B. In the case where neither H1(A;Z) nor
H1(B;Z) is isomorphic to Z, we have an easy contradiction. The delicate case is when
H1(A;Z)' Z (say). By passing to a suitable finite cover of A, we can augment the first
Betti number of A. Proposition 0.3 is used to prove that this finite cover is induced by a
finite cover of N through f .
This step depends on a result, Proposition 2.9, which seems to be of independent interest.
It asserts that in an arbitrary integer homology sphere, any non-trivial knot whose exterior
is a graph manifold has a non-constant Alexander polynomial.
The next step in the proof of Proposition 0.1 is to show that for any Seifert piece Ai
of a minimal decomposition of M , the group Im(f∗ :pi1(Ai)→ pi1(N)) is non-abelian. To
prove this, it is sufficient to find a finite cover A˜i→Ai induced by f such that the genus of
the base of A˜i is > 2. It follows from the Characteristic Pair theorem [10,11] that f sends
Ai into a Seifert component Bj of N and f |Ai respects the fibers. Arguments similar to
those of [21] complete the proof.
The proof of Proposition 0.1, assuming Propositions 0.3 and 0.4, is given in Sections 4
and 5. In Section 4 we give the proof in all but a few exceptional cases, which are dealt
with in Section 5. Proposition 0.2 is deduced from Proposition 0.1 in Section 1. Proofs of
Propositions 0.3 and 0.4 are given in Section 7. Both are based on a key lemma proved in
Section 6.
1. Proof of Lemma 0.6
Throughout the paper, if x1, . . . , xn are elements of a group G, we will denote by
〈x1, . . . , xn〉 the subgroup generated by x1, . . . , xn, and by 〈〈x1, . . . , xn〉〉 the normal
subgroup generated by the conjugacy classes of x1, . . . , xn.
This section is devoted to the proof of Lemma 0.6. We first show that the inclusion
i :N → W induces an injection i∗ :pi1(N) → pi1(W) (and so an isomorphism by
hypothesis (i) of Proposition 0.2). The proof is exactly the same as the proof of Lemma 3.1
of [4]. Since the result is crucial for our purpose, we reproduce it. Let W ' N × [0,1] ∪
(1-handles) ∪ (2-handles), a handle presentation of W . For homological reasons the
number n of 1-handles equals the number of 2-handles. Denote by W(1) the 4-manifold
N × [0,1]∪ (1-handles). Then pi1(W(1))' pi1(N) ∗Fn, where Fn is the free group with n
generators x1, x2, . . . , xn. Moreover
pi1(W)' pi1(N) ∗ Fn/〈〈r1, r2, . . . , rn〉〉,
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where ri ∈ pi1(N) ∗ Fn corresponds to the attaching map of the ith 2-handle. Since
i∗ :H∗(N;Z)→H∗(W ;Z) is an isomorphism, the integer matrix (εi(rj )) has determinant
equal to ±1, where εi(rj ) is the sum of exponents of xi in a word representing rj ∈
pi1(N) ∗ Fn.
Now a graph manifold N satisfying the hypothesis of Proposition 0.2 has a residually
finite fundamental group (this follows from [8] in the case where N is sufficiently large,
and from [20] in the remaining cases). This means that, given any z 6= 1 belonging to
pi1(N), there exist a finite group H and a surjective homomorphism :pi1(N)→H such
that z¯ 6= 1 in H.
Now suppose there exists z 6= 1 belonging to Ker(i∗ :pi1(N)→ pi1(W)), and let H be a
finite group such that z 6= 1 ∈H. So pi1(W) has a quotientG=H ∗Fn/〈〈r1, . . . , rn〉〉where
:pi1(N) ∗ Fn→ H ∗ Fn is the map induced by :pi1(N)→ H and the identity of Fn.
Since (εi(rj ))= (εi(rj )) is invertible in Z, we can apply Theorem 2 of [5] to conclude that
the natural map from H to G is injective. The contradiction follows at once: on one hand
z is different from 1 in H (and so in G); on the other hand it is equal to 1 in G since it is 1
in pi1(W). This completes the proof that i∗ is injective.
Next we show that there exists a continuous retraction ϕ :W → N (that is ϕ ◦ i = idN)
inducing isomorphisms in homology (with Z coefficients) and hence that the composition
f = ϕ ◦ i0 :M i0−→W ϕ−→N
(where i0 :M→W denotes the inclusion map) induces isomorphisms in Z-homology. To
see this, note that the isomorphism
i∗ :pi1(N)−→ pi1(W)' pi1(N) ∗ Fn/
〈〈r1, . . . , rn〉〉
tells us that
(?) each generator xi ∈ Fn can be written xi = giai where gi ∈ 〈〈r1, . . . , rn〉〉 and
ai ∈ pi1(N),
and that
(? ?) in pi1(N) ∗ Fn we have pi1(N)∩ 〈〈r1, . . . , rn〉〉 = {1}.
Note also that
(???) any element y ∈ pi1(N) ∗ Fn can be written in the form
y = n1x±1i1 n2x±1i2 · · ·nkx±1ik ,
where ni ∈ pi1(N) for each i .
Given any element y ∈ pi1(N) ∗ Fn which has been expressed in the form given in
(? ? ?), let y˜ = n1a±1i1 n2a±1i2 · · ·nka±1ik denote the element of pi1(N) obtained from the
expression in (???) by replacing each xi by the element ai given by (?). We claim that
y = y˜g where g ∈ 〈〈r1, . . . , rn〉〉. To prove this, we proceed by induction on the length




gi1ai1 ) (respectively n1a−1i1 g
−1
i1
). Suppose now that the assertion is true for
expressions of length k − 1. Then y = znkxεik where ε = ±1. Then y can be written as







gik aik ) in the case ε = 1, and as z˜nka−1ik (aikn−1k gnka−1ik g−1ik ) in
the case ε =−1. This proves the claim. 2
In particular each relation rj can be written as rj = r˜j gj where r˜j ∈ pi1(N) and
gj ∈ 〈〈r1, r2, . . . , rn〉〉. By (? ?) above we have r˜j = 1 for each j .
We are now ready to construct the retraction ϕ :W → N . Recall that W has the
homotopy type of N ∨ (h11 ∨ · · · ∨ h1n) ∪ e2i · · · ∪ e2n where ∨ is the wedge, h1i is a circle
corresponding to the generator xi of Fn and e2j is a 2-cell attached to N ∨ h11 · · · ∨ h1n by
a map inducing the relation rj . We define ϕ by setting ϕ|N = idN , and defining ϕ|h1i to
correspond to ϕ∗(xi)= ai , where ai is given by (?). Then ϕ|∂e2j is homotopically r˜j which
is 1 ∈ pi1(N). So we can extend ϕ to e2j .
It remains to show that if p : N˜→ N is a finite cover of order b, then the induced map
f˜ = ϕ˜ ◦ i˜0 : M˜→ N˜ is still a Z-homology equivalence.
Let W˜ (respectively M˜) be the covering induced by the map ϕ :W → N (respectively
f = ϕ ◦ i0 :M→N). Since ϕ∗ :pi1(W)→ pi1(N) (respectively f∗ :pi1(M)→ pi1(N)) is an
isomorphism (respectively a surjection since f has degree one), W˜ and M˜ are connected.












where ϕ˜ is still a retraction.
For a finite covering X˜→ X of order b, we know that χ(X˜) = bχ(X) where χ is the
Euler characteristic. Since ϕ and i0 are Z-homology equivalences we have
χ(M˜)= χ(W˜ )= χ(N˜). (1.1)
Denote by ai, i = 0,1,2,3 (respectively bi) the Betti numbers of N˜ (respectively W˜ ).
Since W˜ and N˜ are connected, we have a0 = b0 = 1. Since ϕ∗ :pi1(N)→ pi1(W) is an
isomorphism, pi1(N˜) and pi1(W˜) are isomorphic. It follows that H1(N˜;Z) ' H1(W˜ ;Z)
and so a1 = b1. Moreover ϕ˜ being a retraction, i∗ :Hi(N˜;Z)→Hi(W˜ ;Z) is injective, so
ai 6 bi for i = 0,1,2,3. From (1.1) we conclude that
a2 − a3 = b2 − b3 with bi > ai. (1.2)
Since W is obtained from N by attaching handles of index 1 and 2 the same is true for N˜
and W˜ . So H3(W˜ , N˜,Z) = 0. Therefore a3 > b3. From (1.1) and (1.2) we conclude that
ai = bi for all i and so i˜ : N˜→ W˜ and i0 : M˜→ W˜ are R-homology equivalences.
From the universal coefficient formula [25, p. 243] we have an exact sequence
0−→ Ext(H1(W˜ , M˜;Z),Z)−→H 2(W˜ , M˜,Z)−→Hom(H2(W˜ , M˜;Z);Z).
Since H2(W˜ , M˜,Z) has only torsion and H1(W˜ , N˜,Z)= 0, it follows that
H 2(W˜ , M˜;Z)'H2(W˜ , N˜,Z)= 0.
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Since H1(W,N) = H2(W,N) = 0 and W˜ is obtained by adding 1 and 2 handles to N˜,
the inclusion i˜1 : N˜ → W˜ is a Z-homology equivalence. By Poincaré duality, i˜0 is a Z-
homology equivalence, just like ϕ˜, since it is a retraction. The conclusion follows.
2. Some results on graph manifolds
By a Seifert manifold we mean a compact, orientable 3-manifold Σ admitting a fixed
point free action of S1 (see [7,9,10,20]). The orbit space F =Σ/S1 is a surface which is
assumed to be orientable. The orbits with non-zero isotropy subgroup will be called the
exceptional fibers. They are characterized by a pair of integers (α,β), 16 β < α with α,β
coprime.
Definition 2.1. A 3-manifold V is a graph manifold if there exists a finite collection T of
disjoint embedded tori in V such that each component of V − T is Seifert.
Proposition 2.2 [11,10,9]. Let V be an irreducible graph manifold. Then V has a unique
family of tori T0 (up to isotopy) having the following properties:
(i) each component of V − T0 is Seifert;
(ii) each torus T ∈ T0 is incompressible (i.e., pi1(T )→ pi1(V ) is injective);
(iii) T0 is minimal: for any T ∈ T0, the family T0 − T fails to satisfy (i).
Such a system of tori will be termed canonical.
Proposition 2.3. Let N be a closed, connected, irreducible graph manifold with infinite
fundamental group. Then either:
(a) N has a finite cover that fibers as a torus-bundle over the circle; or






Proof. In the case where N contains an incompressible torus, this is a special case of
Theorem 1.1 of [15]. If N does not contain an incompressible torus, then N is a Seifert
manifold with base S2 with at most 3 exceptional fibers. By Theorem 12.2 of [7], N has a
finite cover N˜ which is a S1-bundle over a closed surface F. Since pi1(N) is infinite and N
is irreducible, the base F of N˜ cannot be S2. Then N˜ satisfies Luecke’s hypothesis. 2
The next lemma can be applied when conclusion (a) of Proposition 2.3 holds.
Lemma 2.4. Let N be a torus-bundle over S1. Then:
(i) 16 β1(N)6 3 where β1(N) is the first Betti number of N;
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be the monodromy of the fibrationN→ S1 with fiber a torus T 2. The map ϕ is represented
by an element of SL2(Z). Point (i) follows from the Wang exact sequence
· · · −→H1(T 2,Z) ϕ−I−→H1(T 2,Z)−→H1(N,Z)−→H0(T 2,Z)−→ 0
of the fibration N → S1 (see [25, Chapter 8, Section 5, Corollary 6]). Point (ii) follows
from Stallings’s fibration theorem for 3-manifolds [26].
Proposition 2.5. Let N be a graph manifold which is not a Seifert manifold. Then N has
a finite covering N˜ which has the following properties:
(1) each Seifert piece of N˜ is a product (of a surface with S1);
(2) each Seifert piece of N˜ has an even number (>0) of boundary components.
Proof. Part (1) of Proposition 2.5 is given by Proposition 4.4 of [16]. Part (2) is a
consequence of the following two lemmas.
Lemma 2.6. Let N1 be a graph manifold such that each Seifert piece is a product. Then
there exists a finite cover N2 of N1 such that each Seifert piece of N2 has more than one
boundary component.
In the proof of Lemma 2.6, and at a few other points later in the paper, it will be
convenient to use the notion of a fiber product of covering spaces. Recall that if X˜1, . . . , X˜m
are covering spaces of a manifoldX, the fiber product X˜ of X˜1, . . . , X˜m is a covering space
ofX. As a space, X˜ may be described as the subset of the product X˜1×· · ·×X˜m consisting
of all m-tuples (˜x1, . . . , x˜m) such that
p1(˜x1)= · · · = pm(˜xm),
where pi : X˜i → X denote the covering projections. The covering projection p : X˜→ X
is defined by setting p(˜x1, . . . , x˜m) equal to the common value of the pi (˜xi) for i =
1, . . . ,m. If X is connected, ∗ is a base point in X, and the X˜i are the connected (based)
coverings determined by subgroupsCi of pi1(X,∗), then X˜ is the connected covering space
determined by the subgroup C1 ∩ · · · ∩Cm.
Proof of Lemma 2.6. If each Seifert piece of N1 has more than one boundary component,
there is nothing to prove; thus we exclude this case. Now let us consider an arbitrary Seifert
piece ofN1 which has connected boundary. We have B ' F ×S1, where F is some surface
with connected boundary. By minimality, F is not a disk; thus F has genus > 1. Hence
there is a surjective homomorphism λ :pi1(F )→ Z/2Z, which defines a covering F˜ of F .
Since a generating loop in ∂F represents an element of the commutator subgroup of pi1(F ),
the inclusion ∂F → F admits a lift to F˜ ; it follows that ∂F˜ has two boundary components,
and that each of these components is mapped homeomorphically to ∂F . It follows that the
covering B˜ = F˜ × S1 of F × S1 has at least two boundary components, and that each of
these components is mapped homeomorphically to ∂B .
We may extend the covering B˜ of B to a covering N˜B of N1 by gluing two copies of
N −B along ∂B˜. Now define N2 to be the fiber product of all the covering spaces N˜B
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of N1, where B ranges over all Seifert pieces of N1 whose boundaries are connected. Then
each Seifert piece of N2 either covers a Seifert piece of N1 with more than one boundary
component, or covers B˜ for some Seifert piece B of N1 having connected boundary. Since
B˜ has more than one boundary component, it follows thatN2 has the required property. 2
The following result is stated in a form sufficiently general for another application that
will be made in Section 7.1. The following terminology will be convenient. Let T be a 2-
manifold whose components are all tori, and let m be a positive integer. A covering space
T˜ of T will be termed m×m-characteristic if each component of T˜ is equivalent to the
covering space of some component T of T associated to the characteristic subgroup Hm
of index m2 in pi1(T ). (If we identify pi1(T ) with Z× Z, we have Hm =mZ×mZ.)
Lemma 2.7. Let N2 be a graph manifold such that each Seifert piece is a product and
has more than one boundary component. Let m be a positive integer, let B0 be a Seifert
piece of N2, and let B˜0 be a connected finite-sheeted covering space of B0 which induces
an m × m-characteristic covering of each component of ∂B0. Then there exists a finite
covering pi : N˜2→N2 such that
(i) N˜2 induces an m×m characteristic covering on each of the canonical tori of N2;
(ii) each component of the covering of B0 induced by N˜ is equivalent to B˜0; and
(iii) for each Seifert piece B 6= B0 of N2, if n = nB denotes the number of boundary
components of B , each component of pi−1(B) covers B with degree exactly mn,
and hence has exactly n ·mn−2 boundary components.
Proof. We first show that each Seifert piece B 6= B0 of N2 has a connected regular
covering B˜ such that
(iB) B˜ induces an m×m characteristic covering of ∂B , and
(iiB) B˜ has degree exactly mn, where n = nB > 2 denotes the number of boundary
components of B .
To see this, let us identify B homeomorphically with F × S1, where F is a surface with n
boundary components. Let Z1, . . . ,Zn be isomorphic copies of Z which up to conjugacy
are the images of the fundamental groups of the components of ∂F , and let us choose
generators d1, . . . , dn of Z1, . . . ,Zn so that d1 · · ·dn−1 is homologous to dn. We have
pi1(F )= Z1 ∗ · · · ∗Zn−1 ∗Lq , where Lq is a (possibly trivial) free group. We let H denote
a direct sum of n − 1 copies of Z/mZ, and we define a homomorphism ϕ :pi1(F )→ H
by setting ϕ(di)= 0⊕ · · · 1¯⊕ · · ·0 for 16 i 6 n− 1, where the 1¯ is in the ith factor, and
setting ϕ(Lq)= 0. Then ϕ(dn)= 1¯⊕· · · 1¯ · · ·⊕ 1¯. So ϕ(di) has orderm inH for 16 i 6 n.
The covering B˜ of B corresponding to the homomorphism
pi1(B)' pi1(F × S1)' pi1(F )×Z→H ×Z/mZ
clearly satisfies (iB ), and since the homomorphism is surjective and |H ×Z/mZ| =mn, it
satisfies (iiB ) as well.
We have a covering B˜0 of B0 given by the hypothesis of the lemma, and for each Seifert
piece B 6= B0 of N2 we have a covering B˜ given by the above argument. For every Seifert
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piece B of N2 we let ∆B denote the degree of the covering B˜ of B (so that ∆B = mnB
for B 6= B0). Note that m2 divides ∆B since B˜ induces an m×m-characteristic covering
of each component of ∂B . We choose a common multiple L of the ∆B , where B ranges
over all Seifert pieces of N2. For each B , we let B̂ denote a disjoint union of L/∆B copies
of B˜ , which we regard as a covering space of B of degree L. For each component T of
∂B , the covering of T induced by B̂ has L/m2 components, each of which is an m×m-
characteristic covering of T .
If T is one of the canonical tori of N2, the two sides of T in N2 adjoin Seifert pieces
B− and B+. (If the underlying graph of N2 contains loops then B− and B+ may coincide.)
The coverings B̂− and B̂+ induce coverings T̂− and T̂+ of T . Each of the coverings T̂−
and T̂+ has L/m2 components, each of which is an m×m-characteristic covering of T .
Since the m×m-characteristic covering of a torus is unique up to equivalence, for each
canonical torus T we have an equivalence of coverings hT : T̂− → T̂+. Letting B̂ denote
the disjoint union of the B̂ , where B ranges over all Seifert pieces of N2, we can regard hT
as defining a homeomorphic identification between two submanifolds of ∂B̂. The required
covering N˜2 of N2 is obtained from B̂ by making the identifications defined by the hT for
all the canonical tori T of N2. 2
End of proof of Part (2) of Proposition 2.5. According to Lemma 2.6, N has a finite
covering N2 such that each Seifert piece of N2 is a product with more than one boundary
component. The first step in the proof of Lemma 2.7, applied with m= 2, shows that each
Seifert piece B of N2 has a finite-sheeted covering which
(i) induces a 2× 2-characteristic covering of ∂B and
(ii) has degree 2n, where n is the number of components of ∂B .
Let us fix an arbitrary Seifert piece B0 of N2, and a finite-sheeted covering B˜0 of B0
satisfying (i) and (ii). We can then apply Lemma 2.7 with m= 2 to obtain a finite-sheeted
cover pi : N˜2→ N2 such that if B is any Seifert piece of N2 and n= nB is the number of
boundary components of B , then each component of pi−1(B) has exactly n ·2n−2 boundary
components. Note that for each B , since n= nB > 2, the integer n · 2n−2 is even. Thus N˜
inherits the structure of a graph manifold in which each Seifert piece has an even number
of boundary components. 2
Definition 2.8 [3]. LetΣ be a 3-dimensionalZ-homology-sphere. A knotK ⊂Σ is called
a graph knot if Σ − intT (K) is a graph manifold, where T (K) is a tubular neighborhood
of K in Σ .
Proposition 2.9. Let K ⊂Σ be a non-trivial graph knot. Then its normalized Alexander
polynomial∆K(t) is different from 1.
Proof. Recall that one can associate a graph to any graph manifold N : the vertices are
in one-to-one correspondence with the Seifert pieces of N, and the edges starting from
a vertex correspond to the boundary components of a Seifert piece. Since Σ is a Z-
homology-sphere, the graph Γ associated to Σ − intT (K) is a tree.
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Fig. 1.
Let S be a minimal-genus (connected) spanning surface of the knot K in Σ which
intersects the canonical system of tori of the graph manifold Σ − intT (K) transversely.
Among all such surfaces in its isotopy class which are transverse to the canonical tori,
we suppose S to be chosen so as to minimize the number of components of intersection
with the canonical system of tori. Since S is connected, there is a sub-tree ΓS of Γ whose
vertices and edges correspond exactly to those Seifert pieces and canonical tori which
meet S.
Claim (a). Every endpoint of ΓS is an endpoint of Γ.
Claim (b). Let A0 be a Seifert piece ofΣ − intT (K) corresponding to an endpoint of ΓS
(hence of Γ ). Then A0 ∩ S is the fiber of a fibration of A0 over S1.
Proof of Claim (a). Let v0 be an endpoint of ΓS corresponding to a Seifert piece A0
of Σ − intT (K). Since the spanning surface S has minimal genus and has minimal
intersection with the canonical tori, the components of A0 ∩ S are (non-boundary-parallel)
incompressible surfaces in A0. If v0 is not an endpoint of Γ, then A0 ∩ S misses a least
one component of ∂A0. By Theorem VI.34 of [9] characterizing incompressible surfaces
in Seifert manifolds, A0 ∩ S is a finite collection of vertical annuli: this means that there
exists a finite collection of embedded disjoint arcs {γi; i = 1, . . . , n} in the base F0 of A0
such that A0 ∩ S =⋃iρ−1(γi), where ρ is the natural projection ρ :A0→ F0. Since v0
is an endpoint of ΓS, all of the end points ∂γi of γi (i = 1,2, . . . , n) are contained in the
same boundary component of F0 (Fig. 1).
By replacing an arc γ1 by an arc γ ′1 in ∂F0 having the same end points, one obtains a
contradiction to the minimality of intersection of S with the canonical tori ofΣ− intT (K).
This completes the proof of Claim (a). 2
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Proof of Claim (b). If A0 ∩ S were a collection of vertical annuli, then by the same
argument as above we would obtain a contradiction to the minimality of intersection of
S with the canonical tori of Σ − T (K). So, again by Theorem VI.34 of [9], A0 ∩ S is
a disjoint union of fibers in a fibration of A0 over S1, and therefore consists of a finite
number n of copies F1, . . . ,Fn of a surface F with one boundary component. The genus
of F must be strictly positive, as otherwise A0 would be homeomorphic to D2 × S1.
If we assign to each Fi the orientation inherited from a fixed orientation of S, the Fi are
parallel as oriented surfaces. Indeed, if this is not the case, there must exist two surfaces
among the Fi , say F1 and F2, which are anti-parallel as oriented surfaces and cobound
a product region in A0 whose interior is disjoint from S. This product region meets ∂A0
in an annulus α, and the surface S′ = (S − int(F1 ∪ F2)) ∪ α ⊂Σ is now orientable, has
boundaryK , and has smaller genus than S, a contradiction.
Let us set X=Σ − intT (K). Since Σ is a homology sphere, H1(A0;Z) and H1(X;Z)
are infinite cyclic. If C is a simple closed curve which crosses each Fi in a single
point, then C represents a generator of H1(A0;Z); since the Fi are parallel as oriented
surfaces,C represents n times a generator ofH1(X;Z). Thus the inclusion homomorphism
H1(A0;Z)→H1(X;Z) is injective, and its image has index n in H1(X;Z).
It follows that if we let p : X˜→X denote the infinite cyclic covering, then p−1(A0) has
n components, each of which is a copy of the infinite cyclic covering ofA0, and is therefore
homeomorphic to F ×R. But since F has strictly positive genus,H1(∂F ;Z)→H1(F ;Z)
is not surjective; a Mayer–Vietoris argument then shows that H1(X˜,Z) is not 0, which is
equivalent to ∆K(t) 6= 1. 2
3. Some homological lemmas
If B is a subspace of a space A, we shall denote by A/B the space obtained from A
by identifying B to a point. If A is a manifold with boundary, we let A? denote the space
obtained from A by identifying each component of ∂A to a point. It is clear that when A is
connected, A/∂A has the homotopy type of A? ∨ (∨r−1i=1 S1), where S1 is the circle.
Lemma 3.1. Let A ⊂ intM be a (not necessarily connected) codimension 0, compact





















where the last equality follows from the following two observations:
(i) H1(A)→H1(A?) is surjective;
(ii) H1(A?)→H1(A/∂A) is injective.
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Lemma 3.2. If A is a Seifert manifold embedded in the interior of a 3-manifold M,
then we have rankH1(A?) > 2g, where g is the genus of the base of A. In particular,
rank(Im(H1(A,Z)→H1(M,Z)))> 2g.
Proof. In view of Lemma 3.1, the second assertion follows from the first. To prove the
first, recall that a presentation of H1(A,Z), as an abelian group, is given by
〈a1, . . . , ag, b1, . . . , bg, q1, . . . , qp, d1, . . . , dr−1, h: αiqi = βih〉.
Here g is the genus of the base of A; the elements q1, . . . , qp correspond to the exceptional
fibers, h to the regular fiber and d1, . . . , dr−1 to boundary components; and αi and βi
are suitable integers. (This presentation is obtained by abelianizing the usual presentation
for pi1(A).) Moreover, H1(A?,Z) is obtained from H1(A,Z) by killing the generators di
and h.
Lemma 3.3.
(a) Let A be a compact, connected, orientable 3-manifold with connected boundary
homeomorphic to a torus. Then rank(Im(H1(∂A,Q)→H1(A,Q)))= 1.
(b) Let A be as in (a). Then H1(∂A,Z) → H1(A,Z) is surjective if and only if
H1(A,Z)∼= Z.
(c) Let B be a compact, connected, orientable 3-manifold such that ∂B is a union of r
tori. Then β1(B)> r.
(d) Let M be a closed, orientable 3-manifold, T an embedded torus separating M
into two submanifolds A and B . Then β1(A),β1(B) > 1 and β1(A) + β1(B) >
β(M)+ 1.
Proof. From the homology exact sequence of the pair (A, ∂A) and Poincaré Duality, we
have β1(A)= β1(A, ∂A)+ 1. Assertion (a) follows easily.
To prove assertion (b), first note that by Poincaré duality we have H1(A, ∂A;Z) ∼=
H 2(A;Z). Combining this with [25, Corollary 4, p. 244], we deduce that the torsion
subgroup of H1(A, ∂A;Z) is isomorphic to the torsion subgroup of H1(A,Z). By
combining this latter isomorphism with assertion (a), it is easy to deduce (b).
From the homology exact sequence of the pair (B, ∂B) and Poincaré duality, we get
β1(B) = β1(B, ∂B) + 1 and β1(B, ∂B) > r − 1. Point (c) follows. Point (d) follows
from (a) and the Mayer–Vietoris exact sequence of the decompositionM =A∪T B:
· · · −→H1(T ,Q) i∗⊕−j∗−→ H1(A,Q)⊕H1(B,Q)−→H1(M,Q)−→ 0. 2
Lemma 3.4. Let (M,∂M), (N, ∂N) be compact, connected, orientable n-manifolds and
f : (M,∂M)→ (N, ∂N) a map of non-zero degree. Then for any field F of characteristic
zero and any natural number i , the map f induces surjective homomorphisms
Hi(M;F)−→Hi(N;F),
Hi(M,∂M;F)−→Hi(N, ∂N;F).
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Proof. This follows from the naturality of the cap-product [25, Chapter 5, Section 6.16]
and the fact that the Poincaré Duality isomorphismsDp :Hp(M;F)→Hn−p(M,∂M;F)
are given by Dp(x)= x ∩ [M], where [M] is the fundamental class of M [25, Chapter 6,
Section 3, Theorem 12]. 2
Lemma 3.5. Let B be a compact, connected, orientable n-manifold and let p : (B˜, ∂B˜)→
(B, ∂B) be a finite covering. Then β1(B˜?)> β1(B?). (The operation ? was defined at the
beginning of this section.)
Proof. First note that p extends to a map from B˜? to B?. In the commutative diagram
H1(B˜;Q) H1(B˜?;Q)
H1(B;Q) H1(B?;Q)
the homomorphism H1(B;Q)→ H1(B?;Q) is clearly surjective, while H1(B˜;Q)→
H1(B;Q) is surjective according to Lemma 3.4. Hence H1(B˜?;Q) → H1(B?;Q) is
surjective. 2
4. Proof of Proposition 0.1 in the non-exceptional cases
In this section and the next we will assume that Propositions 0.3 and 0.4 are true, and
we will deduce the truth of Proposition 0.1. In these two sections it will be understood that
we are givenM , N and f satisfying the hypotheses of Proposition 0.1. Our goal is to show
that the conclusion of Proposition 0.1 holds, i.e., that f is homotopic to a homeomorphism.
Since each of the manifolds M and N is irreducible and is either a sufficiently large
manifold in the sense of [27] or a large Seifert manifold in the sense of [20], we need only
show that f∗ :pi1(M)→ pi1(N) is an isomorphism; this follows from [27, Corollary 6.5],
in the sufficiently large case and from [20, Section 5.3, Theorem 6] in the large-Seifert
case. Note that since f is a homology equivalence, it has degree one; hence we need only
show that f∗ :pi1(M)→ pi1(N) is injective.
If N˜ is any finite-sheeted covering of N , we have an induced covering M˜ of M and an
induced map f˜ : M˜→ N˜ . It is apparent from the form of the hypothesis of Proposition 0.1
that this hypothesis continues to hold when M , N and f are replaced by M˜ , N˜ and f˜ .
On the other hand, it is clear that if f˜∗ :pi1(M˜)→ pi1(N˜) is injective then f∗ is injective
as well. Hence we are at liberty to replace M , N and f by M˜ , N˜ and f˜ : any properties
that can be shown to hold for M˜ , N˜ and f˜ (for an appropriate choice of the finite-sheeted
coveringN ) may be assumed, without loss of generality, to hold for M , N and f .
In practice, we shall successively assume that various properties hold for M , N and f
after checking that they hold after passing to a finite-sheeted covering in the sense just
described. In order to justify this, one must check that each time we pass to a finite-sheeted
covering so as to guarantee that a new property holds, all the previously assumed properties
B. Perron, P. Shalen / Topology and its Applications 99 (1999) 1–39 15
continue to hold as well. In each instance this will be clear, and in general we will not
mention the issue explicitly.
As we are assuming the truth of Proposition 0.4,N has a finite-sheeted covering N˜ with
the property described in Proposition 0.4. Thus we shall assume for the rest of the chapter
thatN itself has this property, namely that for any Seifert piece B ofN and any elements g
and h of pi1(B)⊂ pi1(N) such that g /∈ 〈h〉, there exist a finite group and a homomorphism
ϕ :pi1(N)→H such that ϕ(g) /∈ 〈ϕ(h)〉.
In this chapter we will deduce the conclusion of Proposition 0.1 in all but the following
exceptional cases:
(i) M is a Seifert manifold;
(ii) M fibers over S1 with fiber a torus;
(iii) N is finitely covered by a bundle over S1 with fiber a torus.
These exceptional cases will be covered in Section 5.
In Section 4.1, we prove that in the non-exceptional cases the canonical tori ofM do not
degenerate under f . In Sections 4.2 and 4.3 we complete the proof of Proposition 0.1 in
the non-exceptional cases.
4.1. Canonical tori do not degenerate
Let T = {Tj } be a canonical family of tori ofM , and let {Ai; i ∈ I } be the corresponding
family of Seifert pieces of M − T , i.e., the components of the manifold obtained by
splitting M along T .
Lemma 4.1.1. None of the canonical tori Tj of M can degenerate under f . This means
that f∗ :pi1(Tj )→ pi1(N) is injective for every j .
Proof. The proof will occupy (4.1.2)–(4.1.10).
(4.1.2) The cases above being excluded, it follows from Proposition 2.3 that, after
replacing N by a finite covering and M by the induced covering, we can assume that
β1(N)> 3.
(4.1.3) We will prove Lemma 4.1.1 by contradiction. Suppose that a canonical torus T
of M degenerates, that is that f∗ :pi1(T )→ pi1(N) is not injective.
Then T separates M into two submanifolds A and B. To see this, note first that since
N is irreducible and pi1(N) is infinite, we must have that pi1(N) is torsion-free and that
pi2(N) = 0. As T degenerates under f , it follows that, up to homotopy, f |T :T → N
can be factored through a circle. Hence f∗ :H2(T ,Z)→ H2(N,Z) is the zero map, and
therefore i∗ :H2(T ,Z)→H2(M,Z) is 0, i.e., T separates M.
(4.1.4) We first consider the case where neither H1(A,Z) nor H1(B,Z) is isomorphic
to Z.
By Lemma 3.3(b),H1(T ,Z)→H1(A,Z) and H1(T ,Z)→H1(B,Z) are not surjective.
So there exist non-trivial torsion groups LA, LB and surjective homomorphisms
ρA :H1(A;Z)−→LA, ρB :H1(B,Z)−→LB
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such that ρA ◦ (iA)∗ = 0 and ρB ◦ (iB)∗ = 0, where iA and iB are the inclusions of T into
A and B . From the Mayer–Vietoris exact sequence of the decompositionM =A∪T B, we
get a surjective homomorphism
ρ :H1(M,Z)−→LA ⊕LB
such that ρ◦i∗ = 0, where i :T →M is the inclusion. Let p : M˜→M be the finite covering
corresponding to the homomorphism ρ. Since it is an abelian covering, this covering is
induced by f from a covering N˜ → N . Note that p−1(A), (respectively p−1(B)) has
|LB | (respectively |LA|) connected components, and that p−1(T ) consists of |LA ⊕ LB |
copies of the torus. Since p is a regular covering it follows that each component of p−1(A)
(respectively p−1(B)) has exactly |LB | (respectively |LA|) boundary components. But the
argument of (4.1.3), applied to the induced map f˜ : M˜→ N˜ , shows that each component
of p−1(T ) separates M˜ , and hence that some component of either p−1(A) or p−1(B) has
connected boundary. This is a contradiction.
(4.1.5) According to (4.1.3) and (4.1.4), if T is a canonical torus which degenerates
under f then T divides M into two submanifolds A and B , and either H1(A,Z) or
H1(B,Z) is isomorphic to Z. By symmetry we may assume that H1(A,Z)∼= Z.
By assumption (4.1.2) and Lemma 3.3(d), we have β1(B)> 3. Note that A 6∼=D2 × S1
by Proposition 2.2(ii).
We claim that f∗pi1(A)= {1}. The proof of this claim will occupy subsections (4.1.6)–
(4.1.9). In (4.1.10) the claim will be used to complete the proof of Lemma 4.1.1.
(4.1.6) We can glue a solid torus U to A along T in such a way that Σ = A ∪ U is
a Z-homology sphere. Then the core K of U is a graph knot in the sense of [3]. By
Proposition 2.9, the Alexander polynomial ∆K(t) of K is not a constant polynomial; by
Theorem 12.1 of [3], ∆K(t) has only roots of unity as zeros.
Let Σ˜m be the m-fold cyclic covering of Σ, ramified along K. Then the pre-image
U˜ of U in Σ˜m is a solid torus, and A˜m = Σ˜m − int U˜ is (up to equivalence) the unique
m-fold (unbranched) cyclic covering of A. Since Σ is a homology sphere, the natural
homomorphism H1(∂A)→ H1(A) ⊕ H1(U) is an isomorphism, and hence the natural
homomorphismH1(∂A˜m)→H1(A˜m)⊕H1(U˜) is injective. Applying the Mayer–Vietoris
theorem, we therefore obtain a short exact sequence
0−→H1(∂A˜m)−→H1(A˜m)⊕H1(U˜)−→H1(Σ˜m)−→ 0.
By Fox’s formula (see [27]), the first Betti number β1(Σ˜m) is non-zero if and only if the
resultant of 1− tm and∆K(t) is zero, i.e., if and only if some zero of∆K(t) is an mth root
of unity.
(4.1.7) Choose m to be the order of a root of ∆K(t). Then β1(Σ˜m)> 1. In view of the
above short exact sequence it follows that β1(A˜m)> 2.
Let us write m = p1 · · ·ps , where p1, . . . , ps are primes, not necessarily distinct. The
m-fold cyclic covering A˜m→A is then a composition of pi -fold cyclic coverings
A˜ms −→ · · ·→ A˜mk −→ A˜mk−1 −→ · · · −→ A˜m1 −→A,
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where m1 = p1, mk = pimk−1, m = ms . Since A˜ms → A is the unique cyclic covering
of order m = ms , each of A˜ms , . . . , A˜m1 has a connected boundary (homeomorphic to a
torus).
(4.1.8) In this subsection we shall assume that the claim made in (4.1.5) is false, i.e.,
that the homomorphism f∗ :pi1(A)→ pi1(N) is non-trivial. We shall then prove that there
is a finite covering N˜1 of N such that the covering of A induced by f |A from N˜1 has
a component equivalent (as a covering space) to A˜m1 . In the next subsection, (4.1.9), the
argument of this subsection will be generalized and used to prove the claim of (4.1.5).
We choose an element a ∈ pi1(A), such that f∗(a) 6= 1. By Proposition 0.3, there exists
a sequence of subgroups of pi1(N),
K =K` ⊂K`−1 · · · ⊂K0 = pi1(N),
such that
(i) K is of finite index in pi1(N);
(ii) f∗(a) /∈K;
(iii) Ki+1 is normal in Ki and Ki/Ki+1 is cyclic of order p1.
The covering N̂` of N corresponding to the subgroup K` is a composition of p1-cyclic
coverings:
N̂` −→ N̂`−1 · · · −→ N̂1 −→N.
Denote by M̂`→ ·· ·M̂i · · ·→M and by Â`→ ·· · Âi · · · →A the coverings of M and
A induced by f and f |A, respectively. Since p1 is prime, the restriction of the covering
Âi → Âi−1 to each connected component of the domain is either trivial or cyclic of
order p1. Since f∗(a) /∈ K, there is an index i for which some component of Âi is a


























where Âr−1, . . . , Â1 have all their components homeomorphic to A. By uniqueness of
cyclic coverings of order p1 = m1 of A (recall that H1(A,Z) ' Z)), any non-trivial
component of Âr is equivalent to the covering A˜m1→A defined in (4.1.7).
Set N˜1 = N̂r . The covering of A induced from N˜1 by f has a component equivalent to
A˜m1 . Thus N˜1 is the covering space promised above.
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(4.1.9) Since f∗ :pi1(A)→ pi1(N) is assumed to be non-trivial, and since pi1(N) is
torsion-free by [7, 15.1], the homomorphism (fr )∗ :pi1(A˜m1)→ pi1(N˜1) is also non-trivial.
Hence if H1(A˜m1;Z) ∼= Z, we can repeat the construction of (4.1.8), with the covering
A˜m2 → A˜m1 in place of A˜m1 → A, to obtain a finite covering N˜2 → N˜1 such that the
covering of A induced by f from the composite covering N˜2 → N has a component
equivalent to A˜m2 .
Since β1(A˜m) > 2 by (4.1.7), there is a least index s′ 6 s such that H1(A˜ms′ ;Z) 6∼= Z.
By repeating the construction of (4.1.8) with the coverings A˜mi → A˜mi−1 , i = 1, . . . , s′, in
place of A˜m1→A, we obtain finite coverings N˜s ′ → · · ·→ N˜1→N , such that for each i ,
the covering of A induced by f from N˜i→N has a component equivalent to A˜mi .
Let p : M˜s ′ →M denote the covering induced by f from N˜s ′ → N , and let A˜ denote
a component of p−1(A) which is equivalent to A˜ms′ . The definition of s
′ implies that
H1(A˜;Z) 6∼= Z.
Set C = M˜s ′ − int A˜, and let B˜ denote an arbitrary component of p−1(B). By
Lemma 3.5, we have β1(B˜?) > β1(B?) = β1(B) − 1 > 2 (by (4.1.5)). It follows from
Lemma 3.1 that β1(C)> 2. The torus T˜ = ∂A˜ degenerates under the induced map
f˜s ′ : M˜s ′ −→ N˜s ′ .
Since β1(C) > 2, and since H1(A˜) is not cyclic, this leads to a contradiction by the
argument of (4.1.4). The proof of the claim made in (4.1.5) is now complete.
(4.1.10) We now finish the proof of Lemma 4.1.1. The claim just proved implies in
particular that if T is a torus which degenerates under f , then f∗(pi1(T )) = {1}. Now if
T is a torus which degenerates under f , if Ai is a Seifert piece of M such that ∂Ai ⊃ T ,
and if hi denotes the homotopy class of a regular fiber of Ai , then since f∗(pi1(T ))= {1},
we have f∗(hi) = 1, and so all the components of ∂Ai degenerate under f . Since M is
connected, this argument shows that all the canonical tori ofM are mapped trivially by f∗.
Since N is aspherical, it now follows that the restriction of f to each canonical torus
is null-homotopic. Hence if Y denotes the complex obtained from M by collapsing each
canonical torus to a point, f factors through a map g :Y → N . Now let X denote the 2-
complex obtained from Y by collapsing each fiber of M − T ⊂ Y to a point. The natural
map ϕ :Y →X induces an isomorphism of fundamental groups. SinceX is 2-dimensional,
the homomorphism
g∗ ◦ ϕ−1∗ :pi1(X)−→ pi1(N)
is induced by some map h :X→ N . Since N is aspherical and the maps g and h ◦ ϕ
induce the same homomorphism from pi1(Y ) to pi1(N), these maps are homotopic. As X
is 2-dimensional, it follows that g, and hence f , induce the trivial homomorphism from
H3(M;Z) to H3(N;Z). This contradicts the hypothesis of Proposition 0.1.
The proof of Lemma 4.1.1 is now complete. 2
4.2. Proof that Im(pi1(Ai)→ pi1(N)) is non-abelian
In this subsection and the next one we continue to exclude the exceptional cases
indicated at the beginning of Section 4. This section is devoted to the proof of the following
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lemma, which will be used in Section 4.3 to complete the proof of Proposition 0.1 in the
non-exceptional cases.
Lemma 4.2.1. Let f :M → N satisfy the hypothesis of Proposition 0.1. There exists a
finite cover N˜ of N such that if M˜ is the induced covering, the base of each Seifert
piece Â of M˜ has genus > 2. Furthermore, for every Seifert piece Â of M , the group
Im(pi1(Â)
f∗→ pi1(N˜)) is non-abelian.
Proof. We begin by showing that the first assertion of Lemma 4.2.1 implies the second.
For this purpose, observe that since N is an aspherical 3-manifold, the subgroup QÂ =
Im(pi1(Â)→ pi1(N˜)) of pi1(N˜) must have cohomological dimension at most 3. Hence if
QÂ is abelian it must be free abelian of rank at most 3. On the other hand, if gÂ denotes the











that the abelianization of QÂ has rank at least 2gÂ. Thus if gÂ > 2 then QÂ cannot be an
abelian group of rank 6 3.
(4.2.2) We now turn to the proof of the first assertion of Lemma 4.2.1. We claim that it
suffices to prove that if A is any Seifert piece in the canonical decomposition of M then
there is a finite covering A˜ of A such that
(i) A˜ is (equivalent to) a component of the covering induced from some finite covering
of N by the map f |A :A→N , and
(ii) A˜ admits a Seifert fibration with a base of genus > 2.
Indeed, suppose that such a covering A˜ exists for each Seifert piece A of M . For each A
let us choose a finite covering N˜A of N from which A˜ is induced. Note that N˜A in turn has
a finite covering N˜ ′A which is a regular covering of N (for example, the fiber product of
all coverings of N having the same degree as N˜A); furthermore, the covering of A induced
by N˜ ′A has a component which covers A˜, and therefore inherits a Seifert fibration with a
base of genus > 2. By regularity it now follows that every component of the covering of A
induced by N˜ ′A admits a Seifert fibration with a base of genus> 2. We then obtain the first
conclusion of the lemma by defining N˜ to be the fiber product of the coverings N˜ ′A, where
A varies over all Seifert pieces in the decomposition of M . This proves the claim. Thus we
need only show that for each A there is indeed a finite covering A˜ satisfying (i) and (ii).
We therefore consider an arbitrary Seifert piece A of M . We let S denote the base
of A, g the genus of S and p the number of components of ∂A. We may assume
that g 6 1, as otherwise we may take A˜= A. Let c1, . . . , cr denote the exceptional fibers
with Seifert invariant (µi, γi) (0 < γi < µi). By hypothesis we are excluding the case
g = 0, p = 2, r = 0 (corresponding to A = S1 × S1 × I) and the case p = 0 (in which
case M is a Seifert fibered space).
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(4.2.3) By [9, VI. 9], pi1(A) has a presentation:〈
ai, bi; i = 1,2, . . . , g, d1, . . . , dp, q1, . . . , qr , h;
[h,ai] = [h,bi] = [h,dj ] = [h,qk] = 1,
q
µi
i = hγii , q1 · · ·qrd1 · · ·dp
g∏
i=1
[ai, bi] = hb
〉
,
where h is the homotopy class of a regular fiber, di corresponds to the boundary component
Ti of A, and qi corresponds to the exceptional fiber ci .
(4.2.4) By Lemma 4.1.1, f |A :A→N is non-degenerate in the sense of [10, Chapter III,
p. 55]. By the Mapping Theorem (same reference as before), we may suppose, after
modifying f by a homotopy, that f (A) is contained in a Seifert piece B of N. Again
by Lemma 4.1.1, we have f∗(h) 6= 1 in pi1(N) and f∗(di) /∈ 〈f∗(h)〉, for any component Ti
of ∂A.
Moreover f∗(ci) /∈ 〈f∗(h)〉, where ci is the homotopy class of an exceptional fiber. This
is because h = cµii , so f∗(h) = f∗(ci)µi . So if f∗(ci) were equal to f∗(h)α , then f∗(h)
would be of finite order in pi1(N), which is torsion free.
(4.2.5) By the property of N that was stated at the beginning of this section, there
exist a finite group H and a homomorphism ϕ :pi1(N)→H such that ϕf∗(di), ϕf∗(ci) /∈
〈ϕf∗(h)〉. We may clearly take ϕ to be surjective. We denote by K the subgroup
ϕf∗(pi1(A)).
(4.2.6) We denote by τ the order of K, by t the order of ϕf∗(h) in K , by βi the
order of ϕf∗(ci) in K and by A˜
pi−→ A the finite covering defined by the homomorphism
ϕf∗ :pi1(A)→K . Then A˜ clearly satisfies condition (i) of (4.2.2). Furthermore, A˜ inherits
a Seifert fibration with some base S˜.
(4.2.7) More precisely, pi : A˜→A induces a covering piS : S˜→ S with degree σ = τ/t,
ramified at the points c¯i ∈ S corresponding to the exceptional fibers ci of A. This means
that for each singular fiber ci we have pi−1S (ci) = {˜ci,1, . . . , c˜i,si }, and for each c˜i,j there
exist neighborhoodsV (˜ci,j ), V (ci ) such that piS :V (˜ci,j )→ V (ci) is the standard ramified
covering z→ z(µi,βi), where (µ,β) denotes the greatest common divisor of µ and β . (See
[23, Section 9, formula (1)].) So for i = 1,2, . . . , r , we have si · (µi, βi)= σ .
(4.2.8) Remark: For each i we have (µi, βi) > 1. To see this, note that since cµii = h, we
have ϕf∗(ci)µi = ϕf∗(h). Hence if (µi, βi)= 1, then ϕf∗(h) is a generator of 〈ϕf∗(ci)〉 ∼=
Z/βiZ, in contradiction with (4.2.5).
(4.2.9) Let δj , j = 1,2, . . . , p, denote the boundary components of S corresponding to
the boundary components dj of A, and let δ˜1j , . . . , δ˜
rj
j denote the components of pi
−1
S (δj ).
Then we have rjnj = σ for each j, where rj is the index of the subgroup generated by
ϕf∗(dj ) and ϕf∗(h) is K.
(4.2.10) We must have nj > 2 for j = 1, . . . , p. Indeed; if nj = 1 then∣∣K : 〈ϕf∗(h),ϕf∗(dj )〉∣∣= rj = σ = τ
t
= ∣∣K : 〈ϕf∗(h)〉∣∣.
Hence 〈ϕf∗(h),ϕf∗(dj )〉 = 〈ϕf∗(h)〉, in contradiction to (4.2.5).
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In particular we have σ > 2.
Let S′ (respectively S˜′) be the surface obtained from S (respectively S˜) by removing a
small open disk around each c¯i (respectively c˜i,j ). Denote by p˜ the number of components
of ∂S˜, and by g˜ the genus of S˜.










− 2g˜ = σ (2− (p+ r)− 2g),
where











(4.2.12) Thus we have
2g˜ = 2+ σ
(












where nj > 2 for every j by (4.2.10), and (µi, βi)> 2 by (4.2.8).
Recall that we have assumed that g 6 1.
(4.2.13) Case g = 1. From (4.2.12) we get 2g˜ > 2 + σ(p/2) > 3 (because σ > 2
by (4.2.5) and p > 1). Hence A˜ satisfies (ii) as well as (i), and we are done.
(4.2.14) Case g = 0.
Subcase (a): p > 4. By (4.2.12) we get 2g˜ > 2+ σ [p/2− 2]> 2, so that g˜ > 1.
Now since A˜ satisfies (i), there is a finite-sheeted covering N˜ of N such that A˜
appears as a component of the covering of A induced from N˜ by f |A. The hypothesis
of Proposition 0.1 still holds if we replace N by N˜, M by the induced covering M˜ , and
f by the induced map f˜ . Now since g˜ > 1, the argument of (4.2.3)–(4.2.13), applied with
M˜ , N˜ , F˜ , and A˜ in place of M , N , F , and A shows that there is a finite-sheeted covering
A˜′ of A˜ satisfying
(i′) A˜′ is (equivalent to) a component of the covering induced from some finite covering
of N˜ by the map f˜ |A˜, and
(ii′) A˜′ admits a Seifert fibration with a base of genus > 2.
It is now apparent that A˜′ is a finite covering ofA that satisfies (i) and (ii). This completes
the proof of the required assertion in subcase (a).
Note that we dealt with subcase (4.2.14(a)) by reducing it to case (4.2.13). In the
remaining subcases a similar reduction will be made.
Subcase (b): p = 3 and p˜ > 4. If g˜ > 2 then A˜ satisfies (i) and (ii). If g˜ is equal to 1 or 0,
then we have a reduction to case (4.2.13), or subcase (4.2.14(a)), respectively.









− 1> σ − 1> 1.
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Hence g˜ > 1 and we have a reduction to case (4.2.13).
Subcase (d): p = 2. The base is S1 × I. Therefore there exists at least one exceptional
fiber (otherwise A= S1 × S1 × I , which is excluded). So (µi, βi)> 2 for at least one i.
If g˜ = 0, from (4.2.11) we get:








So we have a reduction to subcase (b) or (c) of (4.2.14).
Subcase (e): p = 1. In this case S is a 2-disk. If the number of exceptional fibers is 0
or 1, then A=D2× S1, which is excluded since the boundary ∂A is incompressible in A.
So the number r of exceptional fibers must be > 2.
Formula (4.2.11) gives in this case 2g˜ > 2− p˜+ σ(r/2− 1).
If p˜ > 2 we have a reduction to one of the subcases (a)–(d). If p˜ = 1, then 2g˜ > 1, so
that g > 1, and we have a reduction to case (4.2.13).
Thus Lemma 4.2.1 is proved. 2
4.3. End of proof of Proposition 0.1 in the non-exceptional cases
According to Lemmas 4.1.1 and 4.2.1, after possibly passing to a finite covering of N ,
we may assume that the map f :M→ N given in the hypotheses of Proposition 0.1 has
the following properties:
(4.3.1) Let {Ai: i = 1,2, . . . , s(M)} (respectively {Bα : α = 1,2, . . . , s(N)} be the
Seifert pieces of a minimal decomposition of M (respectively N ). Let {Tj } (respectively
{Uβ}) be the family of canonical tori of M (respectively N ). Then (f |Tj )∗ :pi1(Tj )→
pi1(N) is injective for every j . In particular, f induces a non-degenerate map, in the sense
of [10, Chapter III, p. 55], from Ai to N .
(4.3.2) For i = 1,2, . . . , s(M), the group f∗(pi1(Ai)) is non-abelian, and Ai is a Seifert
fibered space whose base has genus > 2.
(4.3.3) Let W(Tj ) be disjoint tubular neighborhoods of Tj in M homeomorphic to
Tj × [−1,+1]. Set A′i = Ai −
⋃
intW(Tj ). Then, using (4.3.1) and the Characteristic
Pair Theorem [10, Chapter V], we may suppose that for each i there exists αi such that
f (A′i )⊂ intBαi .
Lemma 4.3.4. Two adjacent Seifert pieces Ai,Ai′ of M cannot be mapped by f to the
same Seifert piece Bα of N .
Proof. Suppose that Ai ∩Ai′ contains a torus Tj and that f maps Ai and Ai′ to Bα . Fix a
base point ? in Tj , let hi and hi′ be elements of pi1(Tj , ?) represented by regular fibers ofAi
andAi′ , and let kα ∈ pi1(Bα,f (?)) be represented by a regular fiber of Bα . The image of hi
in pi1(Ai, ?) is central. Hence the centralizer of (f |Tj)∗(hi) contains (f |Ai)∗(pi1(Ai, ?)).
Since the latter subgroup is non-abelian by (4.3.3), it follows from [10] (addendum to
Theorem VI 1.6) that (f |Tj )∗(hi) ∈ 〈kα〉. Similarly, (f |Tj )∗(hi′) ∈ 〈kα〉. This contradicts
the injectivity of f∗|pi1(Tj ) (since hi , hi′ are primitive elements of pi1(Tj ) and cannot be
equal because of the minimality of the family {Ai}).
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Proof. By (4.3.3) we have f (A′i )⊂ intBαi for every i . Hence f−1(
⋃
Uβ)⊂⋃jW(Tj ).
By standard arguments (see [27]), we way suppose (after modifying f by a homotopy
which is constant on
⋃
A′i ) that f−1(Uβ) is incompressible in
⋃
W(Tj ) (and hence in M ,
since the Tj are incompressible in M). Since the Tj are tori, f−1(
⋃
Uβ) is a collection
of tori parallel to the Tj . To complete the proof of the lemma, it suffices to show that one




(4.3.6) We first show that, after f has been modified by a suitable homotopy, the
set f−1(
⋃
Uβ) ∩ W(Tj ) has at most one component. Suppose that X and X′ are two
consecutive components of f−1(
⋃
Uβ) ∩W(Tj ). Then X and X′ bound a region Q in
W(Tj )∼= Tj × [−1,+1]. The region Q is itself homeomorphic to S1 × S1 × I , and there
is a Seifert piece Bα such that f (Q,∂Q)⊂ (Bα, ∂Bα). Then by [21, Lemma 2.8], f |Q is
homotopic mod ∂Q to a map f1 such that f1(Q)⊂ ∂Bα, unless Bα ' S1 × S1 × I , which
is excluded since N is not fibered over S1 with fiber T 2. So we can eliminate X and X′ by
pushing Q into N − Bα . After repeating this operation a finite number of times we may
assume that f−1(
⋃
Uβ)∩W(Tj ) has at most one component.
(4.3.7) We next prove that W(Tj ) contains at least one component of f−1(
⋃
Uβ). Let
Ai and Ai′ denote the Seifert pieces adjacent to the two sides of Tj . (The indices i and
i ′ are not necessarily distinct.) We identify W(Tj ) with Tj × [−1,+1] in such a way that
f∗(Tj × {−1})⊂ intBαi and f∗(Tj × {+1})⊂ intBαi′ . In the case where i 6= i ′, we have
αi 6= αi′ by Lemma 4.3.4. So f (W(Tj )) must contain a component of ∂Bαi .
In the case where i = i ′, we consider the Seifert fibered spacesA−i = A′i∪ (Tj ×[−1,0])
and A+i = A′i ∪ (Tj × [0,1]). We choose a base point in Tj and denote by h−i and h+i
elements of pi1(Tj ) represented by regular fibers of A−i and A
+
i . Since the decomposition
of M is minimal, we have 〈h−i 〉 ∩ 〈h+i 〉 = {1}. On the other hand, we can clearly take h′−i
and h′+i to be conjugate in pi1(A′i ∪W(Tj )).
We know that f (A′i ) ⊂ intBαi . If W(Tj ) contains no component of f−1(
⋂
Uβ), we
must have f (A′i ∪W(Tj )) ⊂ Bαi . Hence f∗(h+i ) and f∗(h−i ) are conjugate in pi1(Bαi ).
But as in the proof of Lemma 4.3.4 we see that f∗(h+i ) and f∗(h
−
i ) belong to 〈kαi 〉 and are
therefore central in pi1(Bαi ). Hence we have f∗(h−i )= f∗(h+i ), contradicting the injectivity
of f∗|pi1(Ti). This completes the proof of Lemma 4.3.5. 2
(4.3.8) It follows from Lemma 4.3.5 that in proving Proposition 0.1 in the non-excep-
tional cases, we may assume that the map f is transversal to
⋃
Uβ and that f−1(
⋃
Uβ)=⋃
Tj . We shall assume this for the rest of the section. Note that in this case, for each i 6
s(M) there is an αi 6 s(N) such that f induces a map fi from (Ai, ∂Ai) into (Bαi , ∂Bαi ).
Lemma 4.3.9. The correspondence i 7→ αi is bijective.
Proof. Since f has degree one, the map i 7→ αi is surjective; in fact, for each α 6 s(N)
there is an i 6 s(M) such that αi = α and fi has non-zero degree. Hence if i 7→ αi
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is not injective, we may assume after re-indexing that α1 = α2 = α (say), and that
f : (A1, ∂A1)→ (Bα, ∂Bα) has non-zero degree. By Lemma 4.3.4, A1 and A2 are not
adjacent. Since f1 has non zero degree,
(f1)∗ :H1(A1,Q)−→H1(Bα,Q)
is surjective and so (f1)∗(H1(A1,Q)) ⊃ (f2)∗(H1(A2,Q)). Now, if Ji :Ai → M and














Since by (4.3.2) the genus of the base of Ai is > 2, it follows from Lemma 3.2 that the
rank of H1(A?i ,Q) is > 4.
SinceA1 andA2 are not adjacent, we have the following commutative diagram, in which
the coefficients are understood to be rational:







Here p∗ is surjective and q∗ is injective (cf. proof of Lemma 3.1). Since H1(A?1) and
H1(A
?
2) are non-zero, it follows that the subspaces q∗p∗(H1(A1)) and q∗p∗(H1(A2))
are non-zero. Clearly q∗p∗(H1(A1)) ∩ q∗p∗(H1(A2)) = {0}. But since (J2)∗(H1(A2)) ⊂
(J1)∗(H1(A1)), we have q∗p∗(H1(A2)) ⊂ q∗p∗(H1(A1)). This is a contradiction. This
completes the proof of Lemma 4.3.9. 2
(4.3.10) So we can index the Seifert pieces of M and N , respectively as (Ai, i =
1,2, . . . , s), (Bi, i = 1,2, . . . , s) so that f induces a map fi : (Ai, ∂Ai)→ (Bi, ∂Bi) for
each i . Since f has degree 1, so does each fi .
(4.3.11) End of proof of Proposition 0.1 in the non-exceptional cases: We showed in
the proof of (4.3.4) that (fi)∗(hi) ∈ 〈ki〉, where hi ∈ pi1(Ai) (respectively ki ∈ pi1(Bi))
is a central element representing a regular fiber of Ai (respectively Bi ). We claim that
(fi)∗(hi) = k±1i . To see this suppose that (fi)∗(hi) = kqii ; since the canonical tori of M
do not degenerate under f , we have qi 6= 0. It follows from Proposition 2.4 of [22] that
fi is homotopic, by a boundary-preserving homotopy, to a map gi : (Ai, ∂Ai)→ (Bi, ∂Bi)
which maps each fiber ofAi into a fiber of Bi . We have deggi = degfi = 1. But the degree
of gi is equal to the number of points, counted with signs, in the pre-image of a generic
point x ∈ Bi . If η denotes the fiber of B containing x , then g−1i (η) is a union of fibers
η1, . . . , ηr of A. It is easy to see that for k = 1, . . . , r the degree (defined up to sign) of the
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Fig. 2.
map fi |ηk :ηk→ η has the same absolute value as qi . It follows that deggi is divisible by
qi and hence that qi =±1, and our claim is proved.
(4.3.12) We claim that we can arrange f so that fi |∂Ai : ∂Ai → ∂Bi is a homeomor-
phism for all i. Since fi has degree 1, we need only show that fi induces a one-to-one map
from the set of components of ∂Ai to the set of components of ∂Bi . Suppose that two com-
ponents T1, T2 of ∂Ai are sent by f into one component U of ∂Bi. Let Ak1 (respectively
Ak2 ) be the Seifert components of M adjacent to Ai along T1 (respectively T2). Since f
induces a bijection between the Seifert pieces of M and N , we must have k1 = k2 = k
(Fig. 2).
Let γ be a closed curve in Ai ∪Ak which cuts each of T1, T2 in exactly one point and is
disjoint from the other canonical tori inM . Then the intersection number [T1] · [γ ] is 1. On
the other hand, it follows from (4.3.8) that the closed curve f (γ ) meets U transversally in
two points, so that [U ] · f∗[γ ] is 0 or 2. But since f is a homology-equivalence, f∗ must
preserve intersection numbers; thus if q denotes the degree of f |T1 :T1→ U , we have
q[U ] · f∗[γ ] = [T1] · γ = 1. This contradiction completes the proof of our claim.
(4.3.13) Since f is a Z-homology equivalence, and since fi has degree one and restricts
to a homeomorphism on the boundary, by a Mayer–Vietoris argument it is easy to see that
fi is a Z-homology equivalence for every i .
(4.3.14) By Proposition 2.5 (in the case where N is not a Seifert manifold) or [7]
Theorem 12.2 (in the Seifert case) we may suppose that each Seifert piece Bi of N is
a true fibration by circles.
(4.3.15) We claim that Ai is also a true fibration by circles. To see this, suppose that c
be an exceptional fiber of Ai . Then hi = cµi where µi > 1 is the Seifert invariant of c.
Applying (fi)∗ we get (fi)∗(hi) = k±1i = [(fi)∗(c)]µi . But since Bi has no exceptional
fibers, pi1(Bi)/〈ki〉 is torsion free. This is a contradiction.
(4.3.16) Let Si (respectively Fi ) be the base of Ai (respectively Bi ). Since Ai and Bi
have homeomorphic boundaries, ∂Si and ∂Fi have the same number ri of components. For
an orientable 3-manifoldX, fibered by circles over an orientable surface S, the genus g(S)
of S is given by the formula:
rankH1(X)= 2g(S)+ r if r > 1,
rankH1(X)= 2g(S) or 2g(S)+ 1 if r = 0.
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(This can be easily seen from (4.2.3).) In view of (4.3.13), it now follows that Si and Fi
have the same genus and the same number of boundary components, and are therefore









0 Z pi1(Bi) pi1(Fi) 0
,
where σi is induced by (fi)∗. Since (fi)∗ is surjective, so is σi . But pi1(Si) and pi1(Fi) are
isomorphic and Hopfian. So σi is an isomorphism, and hence so is (fi)∗.
In view of the remarks made at the beginning of Section 4, the proof of Proposition 0.1
in the non-exceptional cases is now complete.
5. The exceptional cases
Recall that in Section 4 we excluded the following cases:
(1) M is a Seifert manifold.
(2) M fibers over S1 with fiber a torus.
(3) N is finitely covered by a torus-bundle over S1.
The third case is the most delicate. Its proof requires a refinement of the proof in the
non-exceptional case.
5.1. The case where M is Seifert
In this case it follows from the Mapping Theorem of [10, Chapter III, p. 55] that f is
homotopic to a map ofM into one of the Seifert pieces of N . But since f is a Z-homology
equivalence, it has degree one; thus N must be a Seifert manifold. We may now show,
exactly as in (4.3.11), that if h and k are central elements of pi1(M) and pi1(N) represented
by the fibers of M and N , we have f∗(h)= k±1. According to [7, Theorem 12.2], we may
assume, after passing to a finite-sheeted covering of N , that N is a true fibration by circles.
We may therefore finish the argument precisely as in (4.3.15) and (4.3.16).
5.2. The case where M fibers over S1 with fiber a torus T 2
Since f∗ :H1(M,Z)→ H1(N;Z) is an isomorphism, we have a commutative diagram
of exact sequences:







0 Ker∂ pi1(N) ∂ Z 0
.
Here f∗ is surjective since f has degree one, and hence f∗| is surjective as well. Since
pi1(N) is torsion-free, ker∂ is free abelian of rank 6 2. If ker∂ had rank < 2, the group
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pi1(N) would be either free abelian of rank 6 2, or isomorphic to the fundamental group
of a Klein bottle; in each of these cases, H3(pi1(N),Z) would be zero, which is impossible
since N is an aspherical, closed, orientable 3-manifold. Hence ker ∂ has rank 2, so that f∗|
is an isomorphism, and hence so is f∗. Then f is homotopic to a homeomorphism by [27,
Corollary 6.5].
5.3. The case where N is finitely covered by a T 2-fibration over S1
From the hypothesis of Proposition 0.1, we may assume thatN itself fibers over S1 with
fiber a torus. By Lemma 2.4, we know that 16 β1(N)6 3.
(5.3.1) By Sections 5.1 and 5.2, we may suppose that M is neither a Seifert manifold
nor a T 2-bundle over S1. The latter condition implies that no Seifert piece of M is
homeomorphic to S1 × S1 × I. These conditions, together with the assumption that N
is a torus bundle over S1, will lead to a contradiction.
(5.3.2) We claim that if A is any Seifert piece of M there is at least one boundary com-
ponent which degenerates under f. Otherwise, by the proof of Lemma 4.2.1, there exists
a finite covering N˜→ N, inducing a covering pi : M˜→M, such that each component of
pi−1(A) has genus at least 2. By Lemma 3.2, β1(M˜)> 4,which contradicts Lemma 2.4(ii).
(5.3.3) We will distinguish three cases:
(a) β1(N)= 3 (equivalent to N homeomorphic to S1 × S1 × S1).
(b) β1(N)= 2.
(c) β1(N)= 1 and no finite cover of N has its first Betti number> 2.
Proof in case (a): The argument of Section 4.1 shows that no canonical torus of M can
degenerate under F ; indeed, in Section 4.1, the hypothesis that N was not a torus bundle
over S1 was used only to show (in (4.1.2)) that we could take β1(N) to be > 3. We now
obtain the desired contradiction with (5.3.2).
(5.3.4) Proof in case (c): Let T be a canonical torus of M which degenerates under f.
Then T separates M in two submanifolds A and B by the argument of (4.1.3). By the
argument of (4.1.4), we may suppose H1(A;Z)' Z.
(5.3.5) Subcase (c.1): β1(B)= 1: In this case, using Lemma 3.3, we find that
H1(M,A;Q)'H1(B, ∂B);Q)= 0. Thus the inclusion homomorphism
(iA)∗ :H1(A,Z)−→H1(M,Z)
is injective. Hence there is a homomorphism ρ ofH1(M,Z) onto Z such that ρ ◦ (iA)maps
a generator of H1(A;Z) to an integer n0 > 0.
(5.3.6) By (4.1.7), there exists m ∈ Z − {0}, such that the (unique) cyclic covering of
orderm of A, A˜m→A has its first Betti number> 2.
(5.3.7) Consider the abelian covering N˜ of N corresponding to the homomorphism
ρ :H1(N,Z)→ Z/n0mZ defined by ρ. The induced covering pi : M˜ → M is such that
pi−1(A) has n0 components, each equivalent (as a covering) to A˜m → A (by (5.3.5)).
Denote by A˜1m, . . . , A˜
n0
m these components. Since the boundary of A˜m is a torus, it
follows that B̂ = pi−1(B) is connected, with n0 boundary components T˜1, . . . , T˜n0 , each
homeomorphic to a torus.
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(5.3.8) We first suppose n0 > 2. Set B̂i = B̂ ∪ A˜1m · · · ∪ A˜im for 1 6 i 6 n0 − 1. Since
β1(A˜im) > 2 and β1(B̂) > |n0| (by Lemma 3.3(c)), it follows by induction (using the
Mayer–Vietoris exact sequence) that β1(B̂i )> 2 for any i, 16 i 6 |n0| − 1. We then get a
decomposition M˜ = A˜n0m ∪ B̂n0−1 satisfying the hypothesis of (4.1.4), which is impossible
since T degenerates under f .
(5.3.9) We examine now the case when n0 = 1. In this case, pi−1(A), B̂ = pi−1(B),
T̂ = pi−1(T ) are connected and pi−1(A) is equivalent to A˜m. Consider the commutative













We have β1(M) = β1(M˜) = 1 (we are in case (c)). This implies, using the top exact
sequence above, that β1(B̂)= 1 (since β1(A˜m)> 2). Then by Lemma 3.4, (piT )∗, (piB)∗,
pi∗ are isomorphisms, and (piA)∗ is surjective.
Since β1(A) = β1(B) = β1(M) = 1, the lower exact sequence implies that the
homomorphism i ⊕ (−j) has rank 1. On the other hand, since H1(A˜m,Q)⊕ H1(B̂,Q)
and H1(M˜,Q) have dimensions 3 and 1, respectively, i˜ ⊕−j˜ must have rank 2. In view
of the commutativity of the above diagram, V = im(i˜⊕ (−j˜ )) contains a one-dimensional
subspaceW1 of ker(piA)∗. Since i˜ has rank 1, V must also containW2 =H1(B̂). It follows
that V is generated by W1 and W2, and hence that i = 0, which is clearly false.
(5.3.10) Subcase (c.2): β1(B) = 2. Suppose for the moment that f∗ :pi1(A)→ pi1(N)
is non-zero. Proceeding as in (4.1.5)–(4.1.8), we get a sequence of cyclic coverings of
order p1:
N̂r −→ N̂r−1 · · · −→ N̂1 −→N
inducing a commutative diagram identical to the one displayed in (4.1.8). As in (4.1.8),
each component of Âi → Âi−1 is a trivial covering for 1 6 i 6 r − 1, and at least one
component of Âr→ Âr−1 is equivalent to the cyclic covering A˜m1 →A given in (4.1.7).
(5.3.11) Denote by {Â0r−1, Â1r−1, . . . , Âsr−1} the components of Âr−1, all homeomorphic
to A, and by Â0r a component of Âr such that Â0r → Â0r−1 is equivalent to the covering
A˜m1→A.
(5.3.12) Consider the decomposition M̂r−1 = Â0r−1 ∪ B̂r−1 where B̂r−1 = M̂r−1 −
int Â0r−1.
The order-p1 cyclic covering pir : M̂r → M̂r−1 is such that pi−1r (Â0r−1) is connected
and equal to Â0r ' A˜m1 (by (5.3.11)). We have a decomposition M̂r = Â0r ∪ B̂r , where
B̂r = pi−1r (B̂r−1). Since A˜m1 has connected boundary, the space B̂r is also connected.
(5.3.13) Since H1(Â0r−1;Z)'H1(A,Z) ' Z and β1(M̂r−1)= 1 (by the hypothesis of
case (c), we have β1(B̂r−1)> 2, since subcase (c.1) has been proved impossible). So, by
Lemma 3.4, we have β1(B̂r )> 2.
(5.3.14) If H1(A˜m1 ;Z) 6' Z, we are in the situation of (4.1.4), which was shown to lead
to a contradiction.
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(5.3.15) If H1(A˜m1;Z) ' Z, we repeat the procedure above for the decomposition
M̂r = Â0r ∪ B̂r , using the covering A˜m2 → A˜m1 of (4.1.7). This leads to a contradiction
exactly as in (4.1.9).
(5.3.16) Thus we have proved that if we are in subcase (c.2), and if T is a canonical
torus of M which degenerates under f, then one of the two components adjoining T ,
say A, is such that f∗pi1(A)= 0. We have already seen, at the end of Subsection 4.1, that
this contradicts the assumption deg f = 1.
(5.3.17) Proof in case (b). We proceed exactly as in case (c.2), using Lemma 3.3(d). This
completes the proof of Proposition 0.1 in the exceptional cases. 2
6. A key lemma on surfaces
In this short chapter we prove a result, Lemma 6.2, which will be used in Section 7 to
prove Propositions 0.3 and 0.4.
Lemma 6.1. Let F be a compact, connected, orientable surface with non empty boundary.
Suppose that the number n of boundary components is even. Let D1, . . . ,Dn denote these
components, and set di = [Di ] ∈ pi1(F ) (for some choice of base point and paths). Then for
any prime p, there exists a homomorphism ρ2 :pi1(F )→ Z such that ρ2(di) is relatively
prime to p for all i = 1,2, . . . , n.
Proof. We may assume the di to have been chosen so that pi1(F ) can be identified with
Z1 ∗ · · · ∗ Zn−1 ∗ Lq where Zi are copies of Z generated by di (i = 1,2, . . . , n− 1) and
Lq is a free group. We may also assume the di to have been chosen so that the product
d1 · · ·dn belongs to the commutator subgroup [pi1(F ),pi1(F )].
(i) Case (1): p does not divide n − 1. Set ρ2(di) = 1 for i = 1,2, . . . , n − 1, and
ρ2(Lq)= 0. Then ρ2(dn)=−(n− 1) since d1 · · ·dn ∈ [pi1(F ),pi1(F )].
(ii) Case (2): n − 1 = αp for some α ∈ Z. Since n is even, we have p 6= 2. Define ρ2
by setting ρ2(di) = 1 for i = 1,2, . . . , n − 2, ρ2(dn−1) = p − 1, and ρ2(Lq) = 0. Then
ρ2(dn)=−(n− 2)− (p− 1)=−αp− p+ 2 is relatively prime to p.
Key Lemma 6.2. Let F be a surface satisfying the hypothesis of Lemma 6.1, and let δ
denote either d1 or the identity element of pi1(F ). Let g be any element of pi1(F ) − 〈δ〉.
Then for each prime p, there exists r0 ∈ N such that for all r > r0, there exists a finite
p-group H and surjective homomorphisms ρ and ε:
pi1(F )
ρ−→ H ε−→ Z/prZ
such that
(i) ερ(di) has order pr in Z/prZ for all i;
(ii) ρ(di) has order pr in H ;
(iii) ρ(g) ∈H − 〈ρ(δ)〉.
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Proof. We first consider the case where δ = d1. As above, write pi1(F )' Z1 ∗ · · ·∗Zn−1 ∗
Lq , where Zi = 〈di〉, and Lq is free. The hypothesis g /∈ 〈d1〉 is equivalent to [g, d1] 6= 1
where [ , ] is the commutator.
The group pi1(F ), being free, is residually p-nilpotent for every prime p (see [6]). So
there exist a finite p-groupK and a surjective homomorphism
ρ1 :pi1(F )−→K
such that ρ1([g, d1]) 6= 1. This implies ρ1(g) ∈K − 〈ρ1(d1)〉.
Let pr1, . . . , prn denote the orders of ρ1(di) in K , and set r0 = sup(ri ). Since ρ1(d1) 6=
1, we have r0 > 0.
Suppose that we are given a natural number r > r0. Let ρ2 :pi1(F ) → Z be the
homomorphism given by Lemma 6.1, and let ρ2 denote the composition of ρ with the
canonical homomorphism Z→ Z/prZ. Since ρ2(di) and p are relatively prime, ρ2(di)
has order pr in Z/prZ.
Take ρ = (ρ1, ρ2) :pi1(F )→K × Z/prZ, H = Im(ρ) and ε :H → Z/prZ the natural
projection. Then (H,ρ, ε) satisfies the conclusions of the lemma.
The argument is the same in the case δ = 1, except that the element g is used in place of
the commutator [g,d1].
7. Proofs of Propositions 0.3 and 0.4
7.1. Proof of Proposition 0.4
If N is itself a Seifert manifold, then Proposition 0.4 is a special case of a result of
P. Scott [24]. From now on we will assume that N is not a Seifert manifold, so that each
Seifert piece of N has a base with free fundamental group.
By Proposition 2.5, N has a finite covering N˜ such that each Seifert piece of N˜
is a product F × S1 where F is a surface with an even number (> 2) of boundary
components. We shall show that this covering N˜ has the property asserted in the conclusion
of Proposition 0.4.
Let B˜ = F × S1 be any Seifert piece of N˜ , and let g and h be elements of pi1(F ) such
that g /∈ 〈h〉. We first consider the case in which g and h do not commute. Denote by [g,h]
the commutator. Since pi1(N) is residually finite [8], there exists a finite group H and a
surjective homomorphism ϕ :pi1(N)→ H such that ϕ([g,h]) 6= 1. This gives the desired
conclusion in this case.
We now turn to the case in which g and h commute. We can write g = (uβ, tα),
h = (uβ ′ , tα′) where u ∈ pi1(F ) and t is a generator of Z = pi1(S1). By hypothesis
(β,α) 6= n(β ′, α′) for any n ∈ Z. We distinguish three subcases.
(1) α /∈ α′Z. Then there exist a prime p and a positive integer r ∈N such that pr divides
α′ but not α. Let λ :Z→ Z/prZ the canonical homomorphism and ρ2 = λ ◦ ρ2 :pi1(F )→
Z/prZ where ρ2 is given by Lemma 6.1.
The homomorphism ρ′ = ρ2 × λ from pi1(B˜) = pi1(F ) × Z to Z/prZ × Z/prZ is
such that ρ′(g) /∈ 〈ρ′(h)〉. By construction this homomorphism is pr characteristic on the
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boundary. Let pi ′ : B̂→ B˜ denote the corresponding covering. By Lemma 2.7, there exists
a finite covering pi : N̂→ N˜ such that each component of the covering of B induced by pi is
equivalent to pi ′. We know there exists a normal subgroupΛ of pi1(N˜), contained in pi1(N̂),
with finite index in pi1(N˜). Then the canonical homomorphism ϕ :pi1(N)→ pi1(N)/Λ
satisfies the conclusion of Proposition 0.4.
(2) α′ 6= 0, α = n0α′. So β − n0β ′ 6= 0. In addition, since g /∈ 〈h〉, we must have u 6= 1.
Let p be a prime not dividing α′ or β − n0β ′, and let ρ :pi1(F )→H be given by the Key
Lemma 6.2 such that ρ(u) 6= 1 and ρ(di) of order pr in H.
Consider the homomorphism
ϕ = ρ × λ :pi1(F )×Z' pi1(B˜)→H ×Z/prZ.
We have (ϕ)(g) /∈ 〈ϕ(h)〉. Indeed, if ϕ(g) were equal to ϕ(h)n for some n ∈ Z, then p
would divide β − nβ ′ (since H is a p-group and ρ(u) 6= 1) while pr (and hence p) would
divide α − nα′. This contradicts our choice of p.
Since ϕ is pr × pr characteristic on the boundary, we can now complete the proof as in
the preceding case.
(3) α = α′ = 0, β /∈ β ′Z. We may suppose β and β ′ are relatively prime, as otherwise
we can replace u by ud where d is the g.c.d. of β and β ′. Let p be a prime dividing β ′ but
not β . The homomorphism of the second case will still work.
7.2. Proof of Proposition 0.3
Definition 7.2.1. A group G is residually p-nilpotent (p a prime) if for any g ∈G− {1}
there exists a normal subgroupN with finite index such that
(i) g /∈N ;
(ii) G/N is a finite p-group.
The following lemma is well known:
Lemma 7.2.2. G is residually p-nilpotent if and only if for any g ∈G− {1}, there exists
a sequence of normal subgroups in G:
N =Nn ⊂Nn−1 · · · ⊂N1 ⊂N0 =G
such that:
(i) Ni/Ni+1 is p-cyclic for all i;
(ii) g /∈N.
Definition 7.2.3. A group G is said to be weakly residually p-nilpotent (p a prime) if for
any g ∈G− {1}, there exists a sequence of subgroups in G:
N =Nn ⊂Nn−1 · · · ⊂N1 ⊂N0 =G
such that:
(i) g /∈N;
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(ii) for all i = 0,1, . . . , n− 1, the subgroup Ni+1 is normal in Ni and Ni/Ni+1 is p-
cyclic.
The following lemma is quite evident.
Lemma 7.2.4. Let X be a finite CW -complex. The following properties are equivalent:
(1) pi1(X) is weakly residually p-nilpotent;
(2) for any g ∈ pi1(X) − {1}, there exists a finite covering X˜ → X which is a
composition of p-cyclic coverings such that g cannot be lifted to a loop.
The aim of this section is to prove Proposition 0.3.
The method of proof is largely inspired by Hempel’s proof [8] of the fact that Haken
manifolds have residually finite fundamental groups.
One of the main steps in the proof of Proposition 0.3 is the following result, which
should be compared with Lemma 4.1 of [8]:
Lemma 7.2.5. Let S be a 3-manifold homeomorphic to F × S1, where F is a compact,
orientable surface with an even, strictly positive number of boundary components. Let T1
be any component of ∂S, and let us fix a base point in T1. Let p be any prime number, and
let g be any element of pi1(S)− pi1(T1) (respectively pi1(S)− {1}). Then there is a positive
integer r0 such that for any r > r0, one can find a sequence of subgroups of pi1(S):
Λ=Λm ⊂Λm−1 · · ·Λr ⊂ · · ·Λ1 ⊂Λ0 = pi1(S)
having the following properties:
(a) Λi is normal in Λi−1 for each i;
(b) Λi−1/Λi is isomorphic to Z/pZ⊕Z/pZ for 16 i 6 r andΛi−1/Λi is isomorphic
to Z/pZ for r < i 6m;
(c) g /∈Λ · pi1(T1) (respectively g /∈Λ);
(d) If Ti is any component of ∂S, and if Gi is any rank-2 free abelian subgroup of
pi1(S) which up to conjugacy represents the image of pi1(Ti), then Gi ∩ Λj is
pj × pj -characteristic in Gi for 0 6 j 6 r, and is pr × pr -characteristic in Gi
for r < j 6m.
Remark 7.2.6. A priori, the way in which the intersection Gi ∩ Λj is embedded in Gi
depends on the choice of Gi in its conjugacy class. Part of the content of Lemma 7.2.5 is
that it is in fact independent of this choice.
Proof of Lemma 7.2.5. LetD1,D2, . . . ,Dn denote the boundary components of F , where
n is even and > 0. Then the components of ∂S are Ti =Di × S1 for i = 1,2, . . . , n. We let
t denote a generator of Z= pi1(S1).
We first prove the part of the lemma that concerns an element g = (g1, tα) ∈ pi1(S) −
pi1(T1) = (pi1(F ) − pi1(D1)) × Z. We apply the Key Lemma 6.2, taking δ = d1 in the
notation of Lemma 6.2, and letting the element g1 play the role of the element g in the
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statement of Lemma 6.2. This gives an integer r0 > 0 and, for any r > r0, homomorphisms
pi1(F )
ρ−→ H ε−→ Z/prZ associated to g1 ∈ pi1(F ) − pi1(D1). (Since the properties
of r0, ρ and ε stated in the Key Lemma are independent of the choice of the elements
di within their conjugacy classes, r0, ρ and ε are well-defined.) Denote by λ :Z→ Z/prZ
the canonical homomorphism.
Consider the natural sequence of subgroups of Z/prZ, each of index p in the preceding
one:
(7.2.7) {0} ⊂ pr−1Z/prZ⊂ pr−2Z/prZ · · · ⊂ pZ/prZ⊂ Z/prZ
and the corresponding sequence Hk = ε−1(pkZ/prZ), k = 0, . . . , r , of subgroups of H .
(7.2.8) Each Hk is a normal subgroup of H .
(7.2.9) Since Hr is a finite p-group, by [12, I, Section 6] there exists a finite sequence
Hm = {1} ⊂Hm−1 ⊂ · · · ⊂Hr+1 ⊂Hr
of normal subgroups of Hr such that Hi−1/Hi is p-cyclic for each i .
(7.2.10) By construction, the sequence of subgroups
Hm = {1} ⊂Hm−1 ⊂ · · · ⊂Hr ⊂Hr−1 · · · ⊂H0 =H
has the following properties:
(i) Hi is normal in Hi−1 for all i;
(ii) Hi−1/Hi is p-cyclic.
(7.2.11) We then get a sequence
Lm ⊂ Lm−1 · · · ⊂ Lr · · · ⊂ L0
of subgroups of L0 =H ×Z/prZ by setting
Li =Hi × (piZ/prZ) for 06 i 6 r
and
Li =Hi × {0} for r 6 i 6m.
This sequence has the following properties:
(α) Li−1 is normal in Li for all i;
(β) Li−1/Li is a product of two p-cyclic groups, for 16 i 6 r;
(γ ) Li−1/Li is p-cyclic for r < i 6m.
(7.2.12) We then get a sequence of subgroups {Λi} of pi1(S) by setting
Λi = (ρ × λ)−1(Li), i = 0, . . . ,m,
where ρ×λ is the product homomorphism from pi1(S)= pi1(F )×pi1(S1) toH×(Z/prZ).
It remains to check that {Λi} satisfies properties (a)–(d) of Lemma 7.2.5, where we use
the version of property (c) which asserts that g /∈Λ · pi1(T1).
(7.2.13) Properties (a) and (b) are obvious by construction. Property (c) follows from the
fact that ρ(g1) does not belong to 〈ρ(d1)〉, which is conclusion (iii) of the Key Lemma.
To prove property (d), we must consider an arbitrary component Ti of ∂S and an arbitrary
rank-2 free abelian subgroup Gi of pi1(S) which up to conjugacy represents the image
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of pi1(Ti). We can identifyGi with a product 〈di〉×〈t〉 of two infinite cyclic groups, where
di corresponds to a generator of pi1(Di). Since ερ(di) has order pr by conclusion (i) of the
Key Lemma, the homomorphism
(ε× id)(ρ × λ) :pi1(S)→ Z/prZ×Z/prZ
mapsGi surjectively onto Z/prZ×Z/prZ. If j is an integer with 06 j 6 r , we have
Λj =
(
(ε× id)(ρ × λ))−1(pjZ/prZ× pjZ/prZ)
and hence Λj ∩Gi is the pj × pj -characteristic subgroup of Gi .
On the other hand, since ρ(di) has order pr in H by conclusion (ii) of the Key Lemma,
the image of Gi under the homomorphism ρ × λ :pi1(S)→ H × Z/prZ is isomorphic
to Z/prZ × Z/prZ. Hence the subgroup Λm ∩ Gi = ker(ρ × λ|Gi) is the pr × pr -
characteristic subgroup of Gi . It now follows immediately that Λj ∩Gi is the pr × pr -
characteristic subgroup of Gi for every j with r < j 6m.
(7.2.14) Now consider an arbitrary element g = (g1, tα) ∈ pi1(S)− {1}. We must show
that there is a sequence of subgroups (Λj ) that satisfy (a)–(d), where we now use the
version of (c) which asserts that g /∈Λ. If g1 6= 1, we proceed exactly as above, except that
in the application of the Key Lemma we take δ = 1. If g1 = 1, we use the same construction
as in the case g1 6= 1 except that we let the role of g in the Key Lemma be played by an
element g2 ∈ pi1(F ) − {1} which we choose arbitrarily. We may choose the integer r0
given by the Key Lemma to be large enough so that pr0 does not divide α. Properties (a),
(b) and (d) are now clear as in the other cases. Property (c) follows from the observation
that g /∈Λr by virtue of our choice of r0.
Proof of Proposition 0.3. We first prove the proposition in the case whereN is not Seifert.
By Proposition 2.5, in order to handle this case, it suffices to prove that if N is a graph
manifold such that each Seifert piece S of N is a product S = F × S1, where F = FS is a
compact orientable surface with an even number of boundary components, then pi1(N) is
weakly residually p-nilpotent for every prime p.
Choose a base point PS in the interior of each (product) Seifert piece S and a base point
QT for each canonical torus T of N . We regard one of the PS , say ?= PS0 , as a base point
for N . For each S and each T ⊂ ∂S we choose an embedded arc in S joining PS to QT ;
we take these arcs to have disjoint interiors. Their union is a graph Y ⊂N (see Fig. 3).
It is easy to construct a retraction R :N→ Y .
In order to show that N has the required property, it suffices to show that if α : (I, ∂I)→
(N, ?) represents a non-trivial element [α] ∈ pi1(N), then N has a covering N˜→ N such
that:
(i) N˜→N is a composition of cyclic coverings of order p;
(ii) no lift of α to N˜ is a loop.
We may assume that α is transversal to the union TN of all canonical tori, and has been
chosen within its homotopy class so as to minimize the number of points in α−1(TN).
(7.2.15) Let us define the complexity of α to be the number of subintervals J of I such
that α(J ) is contained in a Seifert piece of N and α(∂J ) is contained in a single canonical
torus (Fig. 4).
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Fig. 3.
Fig. 4.
As in [8] we shall argue by induction on the complexity of α. Since the base point ?
of N is chosen in the interior of a Seifert piece S0, there are two possibilities when α has
complexity 0: either
(1) the image of α under the retraction R :N → Y is a homotopically non-trivial loop
in Y , or
(2) α(I)⊂ intS0.
(1) It is well known ([6], for example) that the free group pi1(Y ) is residually p-nilpotent
(see Definition 7.2.1). The existence of the required covering N˜ follows at once.
(2) We apply Lemma 7.2.5, taking S = S0 and taking g /∈ 1 to be the element [α] ∈
pi1(S0, ?). This gives a sequence of subgroups
Λ=Λm ⊂Λm−1 · · · ⊂Λr ⊂ · · · ⊂Λ0 = pi1(S0, ?)
which has properties (a)–(d) of (7.2.5), where we use the version of (c) which says that g
does not belong to Λ. To this sequence we associate the composition of (finite) coverings
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(7.2.16) S˜m0
qm−→ · · · qr+1−→ S˜r0
qr−→ · · · q2−→ S˜10
q1−→ S0, where, according to (7.2.5(b)), we
have that
(i) qi : S˜i0 → S˜i−10 is a regular covering with covering group Z/pZ × Z/pZ for
16 i 6 r , and
(ii) qi is a regular cyclic covering of order p for r < i 6 n.
Moreover, by (7.2.5(d)), these coverings qi : S˜i0→ S˜i−10 are such that:
(iii) for i = r + 1, . . . ,m, each component of ∂S˜i0 is a trivial covering of a component
of ∂S˜i−10 , and
(iv) for i = 1, . . . , r , and for each component T of ∂S˜i−10 , the set q−1i (T ) is connected
and the induced covering qi |q−1i (T ) :q−1i (T )→ T is p× p-characteristic.
Since g /∈Λ, the loop α does not lift to a loop in S˜m0 . Hence, in order to complete the
proof in the case of complexity 0, it suffices to show that the sequence (7.2.16) is induced
by a sequence of regular coverings of the whole manifold N :
N˜m −→ N˜m−1 −→ · · · −→ N˜1 −→N
such that conditions (i) and (ii) of (7.2.16) still hold if the S˜i0 are replaced by the N˜ i .
The N˜ i will be constructed recursively. Each N˜ i will be seen to have the property that in
the decomposition into Seifert pieces which it inherits from N , each Seifert piece (which
is necessarily still a product) has an even number of boundary components. In order to
unify the notation we set N˜0 = N . We suppose that N˜ i−1 has already been constructed
for a given i with 1 6 i 6m, and that each Seifert piece of N˜ i−1 has an even number of
boundary components.
We first consider the case i 6 r . To each Seifert piece S of N˜ i−1 we will associate
a covering ψS : Ŝ → S. For S = S˜i−10 we set Ŝ = S˜i0 and ψS = qi . When S 6= S˜i−10 we
identify S homeomorphically with F × S1, where F is a surface with an even number of
boundary components, and define ψS : Ŝ→ S to be the regular covering associated with
the homomorphism
ρ2 × λ :pi1(F )× Z−→ Z/pZ×Z/pZ,
where ρ2 is given by Lemma 6.1.
For each Seifert piece S of N˜ i−1, the associated covering Ŝ is regular, has covering group
Z/pZ×Z/pZ, and induces a connected p×p-characteristic covering of each component
of ∂S. For S = S˜i−10 these properties hold because i 6 r , and for S 6= S˜i−10 they are clear
from the construction.
Now if T is any canonical torus of N˜ i−1, the two sides of T in N˜ i−1 adjoin Seifert
pieces S− and S+. (If the underlying graph of N˜ i−1 contains loops then S− and S+ may
coincide.) The associated coverings Ŝ− and Ŝ+ induce coverings T̂− and T̂+ of T . Since
both these coverings are connected and p × p-characteristic, we may choose, for each T ,
an equivalence of coverings hT : T̂− → T̂+. The map hT is automatically equivariant with
respect to the natural actions of Z/pZ × Z/pZ on T̂− and T̂+ (which are the restrictions
of the natural actions on Ŝ− and Ŝ+).
We now define N˜ i to be the manifold obtained from the disjoint union of the Ŝ, where
S ranges over the Seifert pieces of N˜ i−1, by identifying T̂− and T̂+ via hT , for every
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canonical torus T of N˜ i−1. The free actions of Z/pZ×Z/pZ on the Ŝ induce a free action
on N˜ i , and the covering map ψS induces a covering map N˜ i→ N˜ i−1. It is now clear that
Ni is the required Z/pZ× Z/pZ-regular covering of N˜i−1. (In particular the number of
boundary components of each Seifert piece of N˜ i is the same as for the corresponding
Seifert piece of N˜ i−1, and is therefore even.)
In the case i > r , we again associate a covering ψS : Ŝ→ S to each Seifert piece S of
N˜ i−1. For S = S˜i−10 we still set Ŝ = S˜i0 and ψS = qi . When S 6= S˜i−10 we define Ŝ to be
a disjoint union of p copies of S. For S 6= Si−10 we give Ŝ the structure of a disconnected
Z/pZ-regular covering by letting a generator of Z/pZ cyclically permute the components
of Ŝ . Then for every S, the associated covering Ŝ is regular and has covering group Z/pZ,
and for every component of ∂S, the induced covering is made up of a disjoint union of p
trivial coverings which are permuted cyclically by Z/pZ. (These properties are obvious
from the construction when S 6= S˜i−10 , and for S = S˜i−10 they hold because i > r .) We can
now construct Z/pZ-equivariant equivalences hT and construct the covering N˜ i exactly
as in the case i 6 r .
This complete the proof in the case where α has complexity 0.
(7.2.17) We now proceed by induction on the complexity of α. We will show that if
α : (I, ∂I)→ (N, ?) is a path with complexity l > 0, then there exists a covering N˜→N ,
which is a composition of p-cyclic coverings, such that α lifts either to a path which is not
a loop, or to a loop with complexity strictly less that l.
Since l > 0, there is a subpath α′ of α which is contained in a Seifert piece S of N
and has both its endpoints in a single component T1 of ∂S. The minimality of α within its
homotopy class implies that α′ cannot be fixed-endpoint homotopic to a path in T1. Hence
if γ denotes a path in T1 from the terminal point a1 of α′ to its initial point a0, the loop
α′ ∗γ defines an element g of pi1(S, a0) which does not belong to the subgroup pi1(T1, a0).
We can now apply Lemma 7.2.5 to obtain a sequence of subgroups
Λ=Λm ⊂Λm−1 · · · ⊂Λr ⊂ · · · ⊂Λ0 = pi1(S, a0)
which has properties (a)–(d) of Lemma 7.2.5, where we now use the version of (c) which
says that g does not belong to Λ · pi1(T1). To this sequence we associate a composition of
(finite) coverings
S˜m
qm−→ · · · qr+1−→ S˜r qr−→ · · · q2−→ S˜1 q1−→ S
such that conditions (i)–(iv) of (7.2.16) hold if S0 and S˜i0 are replaced by S and S˜i . We
denote the composition of these coverings by q : S˜m→ S.
Since g /∈ Λ · pi1(T1), the path α′ lifts to a path α˜′ in S˜m, the endpoints of which are
in different components of q−1(T1). Now proceed as in case l = 0 to extend the covering
S˜m to a covering N˜ of the entire manifold N . Then α lifts to N˜ as either a path which
is not a loop, or to a loop whose complexity is less that l. This completes the proof of
Proposition 0.3 in the case where N is not Seifert.
Suppose nowN is Seifert. By [7, Theorem 12.2], we may assume after passing to a finite
covering that N is a S1-fibration over a surface F , which must have strictly positive genus.
Let T denote the pre-image of a non-separating curve in F . Then T is an incompressible
38 B. Perron, P. Shalen / Topology and its Applications 99 (1999) 1–39
torus inN , and the manifold S obtained by cuttingN along T is a product Seifert manifold
with exactly two boundary components. This allows us to complete the argument as in the
non-Seifert case.
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